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Abstract. Using the L^-norm of the Higgs field as a Morse function, we study the moduli 
space of parabolic U(p, (j')-Higgs bundles over a Riemann surface with a finite number of 
marked points, under certain genericity conditions on the parabolic structure. When the 
parabolic degree is zero this space is homeomorphic to the moduli space of representations 
of the fundamental group of the punctured surface in \J{p,q), with fixed compact holonomy 
classes around the marked points. By means of this homeomorphism we count the number of 
connected components of this moduli space of representations. Finally, we apply our results 
to the study of representations of the fundamental group of elliptic surfaces of general type. 



1. Introduction 

A parabolic vector bundle over a compact Riemann surface with marked points consists of 
a vector bundle, equipped with a weighted flag structure on the fibre over each marked point. 
These objects were introduced by Seshadri [Sej in relation to certain desingularisations of the 
moduli space of semistable vector bundles. It turns out that, similarly to the Narasimhan and 
Seshadri correspondence |NS1 ID] between stable vector bundles and representations of the fun- 
damental group of the surface in the unitary group U(n), there is an analogous correspondence, 
proved by Metha and Seshadri |MSj (see also [Bl]), relating stable parabolic bundles to unitary 
representations of the fundamental group of the punctured surface with a fixed holonomy class 
around each marked point. 

In order to study representations of the fundamental group of the punctured surface in 
GL(n, C) one has to consider parabolic Higgs bundles. These are pairs consisting of a parabolic 
vector bundle and a meromorphic endomorphism valued one-form with a simple pole along each 
marked point, whose residue is nilpotent with respect to the flag. Moduli spaces of parabolic 
Higgs bundles provide interesting examples of hyperkahler manifolds. This theory, studied by 
Simpson in [S2] and others [BoYl iKl INat INStj . generalizes the non-parabolic Higgs bundle 
theory studied by Hitchin [H], Donaldson |D2] . Simpson [ST] and Corlette (Cj. 

In this paper we study parabolic U(p, g)-Higgs bundles. These are the objects that corre- 
spond to representations of the fundamental group of the punctured surface in \J{p,q), with 
fixed compact holonomy classes around the marked points. Our approach combines the tech- 
niques used in |BGGj in the study of U(p, g)-Higgs bundles in the non-parabolic case as well 
as those used in |GGMj to study the topology of moduli spaces of GL(n, C)-parabolic Higgs 
bundles. 
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For a parabolic U(p, q)-Higgs bundle there is an invariant, similar to the Toledo invariant in 
the non-parabolic case. We show that this parabolic Toledo invariant has a bound provided by 
a generalization of the Milnor-Wood inequality. Our main result in the paper is to show that 
if the genus of the surface and the number of marked points are both at least one, then the 
moduli space of parabolic U(j), g)-Higgs bundles with fixed topological type, generic parabolic 
weights and full flags is non-empty and connected if and only if the parabolic Toledo invariant 
satisfies a generalized Milnor-Wood inequality (see Theorem 16. 13p . 

As in [BGGj and |GGMj . the main strategy is to use the Bott-Morse-theoretic techniques 
introduced by Hitchin [H]. The connectedness properties of our moduli space reduce to the 
connectedness of a certain moduli space of parabolic triples introduced in |BiGj in connection 
to the study of the parabolic vortex equations and instantons of infinite energy. Much of the 
paper is devoted to a thorough study of these moduli spaces of triples and their connectedness 
properties. 

After spelling out the correspondence between parabolic U(p, g)-Higgs bundles and repre- 
sentations of the fundamental group of the punctured surface in U(p, q), we transfer our results 
on connectedness of the moduli space of parabolic U(p, g)-Higgs bundles to the moduli space 
of representations (see Theorems 113.21 and 113. 3|) . We then apply this to the study of repre- 
sentations of the fundamental group of certain complex elliptic surfaces of general type (see 
Theorem 114. 4p . These are complex surfaces whose fundamental group is isomorphic to the 
orbifold fundamental group of an orbifold Riemann surface. 

We should point out that our main results do not apply when the genus of the Riemann 
surface is zero. This is not surprising if we have in mind that on the parabolic weights must 
satisfy certain inequalites in order for parabolic bundles to exist ( |Bisl IBelj ). Presumably, 
something similar must be true also in the case of parabolic U(p, g)-Higgs bundles. We plan 
to come back to this problem in a future paper. 

In the process of finishing our paper we have come across several papers ( |BHIKMllKrj ) that 
seem to be related to our work in the case of U(p, 1). It would be interesting to investigate 
further the relationship between these different approaches. 

Acknowledments: We thank the referee for a very careful reading of the manuscript and for 
numerous suggestions. 

2. Parabolic Higgs bundles 

Let X be a closed, connected, smooth Riemann surface of genus g > together with a finite 
set of marked points xi, . . . ,Xs- Denote by D the effective divisor D = xi + ■ ■ ■ + Xs defined 
by the marked points. A parabolic vector bundle E over X consists of a holomorphic vector 
bundle together with a parabolic structure at each x G D, that is, a weighted fiag on the fibre 
Ex, 

Ex = Ex^i D Ex,2 D • • • D Eri.^r{x)+i = {0}, 
< ai(3;) < . . . < Q;^(^)(x) < 1. 

We denote ki{x) = diin{Ex^i/Ex^i+i) the multiplicity of the weight ai{x). It will sometimes 
be convenient to repeat each weight according to its multiplicity, i.e., we set ai{x) = ... = 
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(^ki(x){x) = cti{x), etc. We then have weights < ai{x) < . . . < an{x) < 1, where n = rk E. 
Denote also a{x) = {ai{x), . . . , otnix)) the system of weights at 2: of and by a = {a{x))x£D 
the weight type of E. We say that the flags are full if ki{x) = 1 for all i and x £ D. Note that 
in this case a{x) = (di(x), . . . , an{x)) = (ai(x), . . . , a„(x)). A holomorphic map f : E ^ E' 
between parabolic bundles is called parabolic if ai{x) > a'j{x) implies f{Ex^i) C -E'^j+i for all 
x & D, and / is strongly parabolic if aj(x) > a'j{x) implies f{Ex^i) C E'^ -j^^ for all x & D, where 
we denote by Ci'j{x) the weights on E' . We denote ParHom (£^, £^') and SParHom (£^, £") the 
sheaves of parabolic and strongly parabolic morphisms from E to E' , respectively. If E' = E 
we denote these sheaves by ParEnd (£') and SParEnd(i?), respectively. 

We define the parabolic degree and parabolic slope of E by 

r{x) 

(1) pardeg (^) = degiE) + Y,^Hx)ai{x), 

xeD 1=1 

/ON rTP\ pardeg {E) 

(2) V^r^.{E) = 

A parabolic bundle E is said to be (semi)-stable if for every non-trivial proper parabolic 
subbundle E' of E we have par/i [E') < par^ (E) (resp. par/i {E') < par^u (^))- 

In the following we will use the following construction for parabolic bundles, called parabolic 
direct sum. Let V and W two parabolic bundles with weight types a and a' we say that E is 
the parabolic direct sum of V and W if and only ii E = V (BW as holomorphic bundles, the 
system of weights, a, on E consists of the ordered collection of the weights in a and a' , and 
the corresponding filtration is such that 

Ex,k = Vx^i © Wxj 

where i (resp. j) is the smallest integer such that dfc(x) < aj(x) (resp. afc(x) < a'j{x)). 

A parabolic Higgs bundle is a pair {E, <1?) consisting of a parabolic bundle E and ^ £ 
-ff'^(SParEnd {E)(d)K(D)), i.e. $ is a meromorphic endomorphism valued one-form with simple 
poles along D whose residue at x € D is nilpotent with respect to the flag. A parabolic Higgs 
bundle is called (semi)-stable if for every <I>-invariant subbundle E' of E, its parabolic slope 
satisfies par/i {E') < paifi {E) (resp. par^ (E) < par// {E)), and it is said to be polystable if it 
is the direct sum of stable parabolic Higgs bundles of the same parabolic slope. 

Fixing the topological invariants n = rk E and d = deg E and the weight type a, the moduli 
space A4 = M{n,d;a) is defined as the set of isomorphism classes of polystable parabolic 
Higgs bundles of type {n,d;a). Using Geometric Invariant Theory, Yokogawa |Yll IY2j has 
showed that is a complex quasi-projective variety, which is smooth at the stable points. 

A parabolic \J{p,q)-Higgs bundle on X is a parabolic Higgs bundle (E,^) such that E = 
V © W, where V and W are parabolic vector bundles of ranks p and q respectively, and 

$=(^° ■.{V(BW)^{V(BW)(^K{D), 

where /3 : — > y ® K{D) and ^ : V ^ W ® K{D) are strongly parabolic morphisms. A 
parabolic U(p, g)-Higgs bundle {E = V ®W,^) is (semi)-stable if the slope stability condition 
par/i(i?') < paiii(E) (resp. pavn{E') < pavn{E)) is satisfied for all (^-invariant parabolic 
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subbundles of the form E' = V' W, i.e. for all parabolic subbundles V C V and W C W 
such that f3(W') Q V <S) K{D) and 7(1/') C VF' ® K{D). Note that, a priori, this definition 
of stability seems to be weaker than the stability definition for parabolic Higgs bundles (we 
ask for V' C V and W C W). But this is not the case, since for any <I>-invariant E' C E, 
we apply the U(p, g)-stability condition to V © W and to V" ® W" , where V' = V n E' , 
W' = Wn E', V" = TTviE'), W" = TTwiE') (where vry, ttw are the projections ofV®W onto 
V, W, respectively). Then using the exact sequences V' ^ E' ^ W" and W E' ^ V" , 
one gets easily that par/i {E') < par^Li {E)). 

Fix the topological invariants a = deg V and b = deg W and the weight types a and a' for 
V and VF, respectively. This determines a system of weights a and a flag structure, given by 
the parabolic direct sum construction, on E = V (B W. Let 

U =U{p, q, a, b; a, a) 

be the moduli space of polystable parabolic U(p, g)-Higgs bundles of degrees (a, b) and weights 
(a, a'). 

We say that the weights are generic when every semistable parabolic Higgs bundle is au- 
tomatically stable, that is, there are no properly semistable parabolic Higgs bundles. We will 
keep the following assumption on the weights all throughout the paper (although some of the 
results hold in more general situations): 

Assumption 2.1. The weights of {E, $) are generic and {E, <1>) has full flags at each parabolic 
point. This means that all the weights of V and W are different and of multiplicity one. 

Note that the set of weights such that, for fixed degree and rank of E, make {E, ^>) strictly 
semistable has positive codimension. This justifies the term generic for the weights which do 
not allow strict semistability. 

The construction of U follows the same arguments given in the non-parabolic case (see 

Proposition 2.2. Let n = p + q, d = a + b, and let a be the system of weights defined by a 
and a' as above. ThenU(p,q,a,b;a,a') embeds as a closed subvariety in M{n,d;d). 

Proof. The proof is similar to that in the non parabolic case (see Proposition 3.11 in |BGGj ). 
One only notices that in the case p = q, the parabolic bundles V and W can not be parabolically 
isomorphic since they have different weights. □ 

Remark 2.3. Sometimes we refer to elements {E, $) € as parabolic GL(n, C)-Higgs bundles, 
since the structure group of the frame bundle of E is GL(n, C). 

3. Deformation theory 

The results of Yokogawa |Ylj and |BGGj readily adapt to describe the deformation theory 
of parabolic U(p, g)-Higgs bundles. 
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Let {E = V (B W,^) be a parabolic U(p, g)-Higgs bundle. We introduce the following 
notation: 

U = ParEnd (E), U = SParEnd {E) , 

U+ = ParEnd {V) © ParEnd (W), U+ = SParEnd {V) © SParEnd (W), 

U- = ParHom {W, V) © ParHom {V, W), = SParHom {W, V) © SParHom {V, W). 

With this notation, U = U+ ® U~ , U = U+ ® U~ , <^> £ H^{U~ © K{D)), and ad($) sends 
to U~ and to U'^ . We consider the complex of sheaves 

(3) C* -.U^ ^^IJ- ®K{D). 

Lemma 3.1. Let (£',$) he a stable parabolic \]{p,q)-Higgs bundle. Then 

(4) ker(ad($) : H°{U^) H°{U~ © K{D))) = C, 

(5) ker(ad($) : H°{U^) H^{U+ © K{D))) = 0. 

Proof. Since {E,^) is stable as a parabolic GL(n, C)-Higgs bundle, it is simple, that is, its 
only endomorphisms are the non-zero scalars. Thus, 

ker(ad($) : H^{U) H^{U © K{D))) = C. 

Since U = © U~ and ad($) sends to U~ and to the statements of the Lemma 
follow. □ 

Proposition 3.2. (i) The space of endomorphisms of {E, $) is isomorphic to the zeroth 
hypercohomology group M^{C'). 

(ii) The space of infinitesimal deformations of (E, is isomorphic to the first hypercoho- 
mology group M.^{C*). 

(iii) There is a long exact sequence 

(6) lf{C*) H^{U+) H\U- © K{D)) m\C') 

— > H\U+) — > H^{U^ © K{D)) — > m^{C') — > 0, 
where the maps H^{U'^) — > H'^{U'' © K{D)) are induced by ad(<I>). 

□ 

Proposition 3.3. Let (E,^) be a stable parabolic U{p,q)-Higgs bundle, then 

(a) M.^{C*) = C (in other words (E,^) is simple) and 

(b) M2(C") = 0. 

Proof, (a) This follows immediately from Lemma l3.1l and (iii) of Proposition I3.2i 

(b) For parabolic bundles E and F the sheaves ParHom (E, F)) and SParHom (F, E)®0{D) 
are naturally dual to each other (see for example [BoYj ) and we thus have that 

ad($): H^{U^) H^{tj~ ®K{D)) 

is Serre dual to ad(<I)): H^{U^) H^{U+ © K{D)). Hence Lemma [TTI and (iii) of Proposi- 
tion O show that m^{C') = 0. □ 
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Proposition 3.4. Assuming Assumption \2. li the moduli space U of stable parabolic ^{p,q)- 
Higgs bundles is a smooth complex variety of dimension 

(7) l + {9-l){p + qf + ^ {{P + qf - (p + q)) , 

where g is the genus of X , and s is the number of marked points. 

Remark 3.5. The formula in ([7]) is also valid in the case s = and genus g >2. In such case 
we recover the formula for the dimension of the moduli space of non parabolic U(p, g')-Higgs 
bundles given in |BGGj . As expected, this dimension is half the dimension of the moduli space 
M. of parabolic GL(n, C)-Higgs bundles of rank n = p + q. Observe also that, in order to have 
a non empty moduli space we need s > 3 when 5 = 0. 

Proof. Our assumption on the genericity of the weights implies that there are no properly 
semistable parabolic U(p, g)-Higgs bundles and hence every point in U is stable. Smoothness 
follows from Propositions 13.2 1 and 13.31 Now, our assumption on having full flags and different 
weights on V and W imply that 

SParHom (V, W) = ParHom (V, W), 

and 

dim ParHom (y, W)x + dim ParHom {W, V)x = pq, 
P{P + 1) 



2 ' 



dim ParEnd {V)x 

dimParEnd(W)a 
Also, the short exact sequence 

^ Pa^Hon, (V.W) ^ Hon. (V, W) g ^"^21^1;,% ^ 

implies that 

deg(ParHom (y, VF)) =pdeg{W) — qdeg{V) + (dim ParHom Wx) — pq)- 

x&D 

Using the above information and Proposition 13.21 we have that the dimension of the tangent 
space of Z// at a point $) is 

d\mM^{C') = dimH°(C") +dimEl2(C") -x(C') 

= 1 - x(ParEnd {V) ® ParEnd {W)) + x((SParHom {V, W) ® SParHom {W, V)) K{D)) 
= 1 - (/ + -g)- deg(ParEnd {V)) - deg(ParEnd {W)) + 2pg((l - g) 

+ deg(ParHom {V, W)) + deg(ParHom {W, V)) + 2pq{2g - 2) + 2pqs 
= l + {g-l)(j) + qf + 2pqs + (p^ + q'^ - 2pq)s + ( dim ParHom {V, W)x + 

+ dim ParHom {W, V)x — dim ParEnd {V)x — dim ParEnd {W)^ 



l + {g-l){p + qf + i^{{p + qf - {p + q))- 



□ 
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4. Parabolic Toledo invariant 

In analogy with the non-parabohc case |BGGj . one can associate a Toledo invariant to a 
parabolic U(p, g)-Higgs bundle. 

Definition 4.1. The parabolic Toledo invariant corresponding to the parabolic Higgs bundle 
{E = V®W,<^>) is 

(8) r = 2-^(par^ {V) - parfi (W)) 

The Toledo invariant will give us a way to classify components of the moduli space of 
parabolic V{p, g')-Higgs bundles. So we first determine the possible values that it can take. 

Proposition 4.2. Let {E = V (B W,^ = ^ ^) be a semistable parabolic \J{p,q)-Higgs 

bundle. Then 

p(par/_f (V) - par/i (E)) < rk (7) - 1 + |) , 
qipar^i (W) - par^ (E)) < rk (/?) (5 - 1 + . 

Proof. Consider the parabolic bundles N = ker(7) and / = im(7) ® K{D)~^. We have an 
exact sequence of parabolic bundles 

N ^ I ® K{D) 

and 

pardeg {V) = pardeg {N) + pardeg (/ ® K{D)) 

= pardeg {N) + pardeg (!) + rk {I){2g - 2 + s). 

Note that / is a subsheaf of W and the map I ^ W is a, parabolic map. Let / C be its 
saturation, which is a subbundle of W , and endow it with the induced parabolic structure. So 
N , V ® I <Z E are ^-invariant parabolic subbundles of E. The semistability of (-E, $) implies 
that 

par/i (A^) < par/i(£'), 

(10) 

par^ (y © /) < par^ (y © /) < par/i(£'). 

This yields 

pardeg (iV) < rk {N) par^u {E) , 
pardeg (y) + pardeg (/) < (p + rk (/)) par^u (ii^). 
Adding both and using ([9]) we have the inequality 

2 pardeg {V) < 2p par/x (E) + rk (/) (2^ - 2 + s) , 

and hence 

p(par/i {V) - par/x (E)) < rk (7) - 1 + |) • 
The other case is analogous. □ 

Remark 4.3. The inequalities in Proposition 14.21 are not sharp. This is due to the fact that 
can be improved by assigning to / the weights induced by the inclusion / C W. 
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One has the following bound for the Toledo invariant. 
Proposition 4.4. Let (E,^) be a semistable parabolic \J{p,q)-Higgs subbundle. Then, 

\t\ < TM = mm{p, q}{2g -2 + s), 

Proof. Noting that 

(11) pavn(E) = ^^parfiiV) + -^pavfiiW), 

p + q P + Q 



Proposition 14.21 may be rewritten as 

g(par/i(^) -par/i(Ty)) < rk {-f) (^g - 1 + , 

p(par^(£;) - par^(y)) < vk{(3)(g-l+^ 



2, 

By (fTT]l we also have r = 2p(par/i (y) — par^(ii^)) = 2q{paTfi (E) — parfi{W)). The result 
follows. □ 

5. HiTCHIN EQUATIONS AND PARABOLIC HiGGS BUNDLES 

In order to study the topology of U we need a gauge-theoretic interpretation of this moduli 
space in terms of solutions to the Hitchin equations. One can adapt the arguments given by 
Simpson [S2] for the case of parabolic GL(n, C)-Higgs bundles to the U(p, (7) situation, along 
the lines of what is done in |BGGj in the non-parabolic case. Similarly, to construct the moduli 
space from this point of view, one can adapt the construction given by Konno [K] (see also 
[NSt] ) in the parabolic GL(ra,C) case. 

A parabolic structure on a smooth vector bundle is defined in a similar way to what is 
done in the holomorphic category. Let be a smooth parabolic vector bundle of rank n and 
fix a hermitian metric h on E which is smooth in X \ D and whose (degenerate) behaviour 
around the marked points is given as follows. We say that a local frame {ei, . . . ,e„} for E 
around x respects the flag at x if E^^i is spanned by the vectors {eMi+ii^), ■ ■ ■ , en{x)}, where 
Mi = X]j<j kj{x). Let z be a local coordinate around x such that z{x) = 0. We require that h 
be of the form 



h = 

\ 

with respect to some local frame around x which respects the fiag at x, where ai = aj(x). 

A unitary connection dA associated to a smooth d operator Be on E via the hermitian metric 
h is singular at the marked points: if we write z = p eyip{-\/ —16) and {ei} is the local frame 
used in the definition of /i, then with respect to the local frame {ej = e.j/|z|°'}, the connection 
is of the form 

/ai \ 
dA = d + ^/^{ •._ \de + A', 

V ar / 

where A' is regular. We denote the space of smooth (9-operators on E by the space of 
associated /i-unitary connections by s^e, the group of complex parabolic gauge transformations 
by and the subgroup of /i- unitary parabolic gauge transformations by '^e- 
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Let V and W be smooth parabolic vector bundles equipped with hermitian metrics hy 
and hw adapted to the parabolic structures in the sense explained above. We denote ^ := 
'^v X "^w, ■■= X 5^^, := 5fy X ^vK- The space of Higgs fields is n = 0+ fl", 
where 0+ = 17^'0(SParHom (P^, 0{D)) and Q = n^'°{SPaTRom{V,W) ® 0{D)). Here 
we regard SParHom (W, V) and SParHom {V, W) as smooth vector bundles defined like in the 
holomorphic category. 

Following Biquard [Bi] and Konno [K], we introduce certain weighted Sobolev norms and 
denote the corresponding Sobolev completions of the spaces defined above by fl'l, 
and Let 

= {{Be, G X n I Be^ = 0} 

and let J^*^ be the corresponding subspace of 'j^/^ x fi^. 

Let Be = {Bv,Bw) where By S 'Wy and Bw S '^w, and ^ = ( ^ f ) with /3 G fi"^ and 

V 7 y 

7 G ri~. Let F(y4y) and F{A\y) be the curvatures of the hy and /ivi/-unitary connections 
corresponding to By and ^vi/, respectively. Let /3* and 7* be the adjoints with respect to hy 
and hw- Fix a Kahler form w on X with volume of X normalized to 27r. We consider the 
moduli space S defined by the subspace of elements in J^'^ satisfying Hitchin equations 

F{Ay) + 13(3* + 7*7 = -V^n Idyu, 
F{Aw)+7l* = -V^fiUwuj, 

modulo gauge transformations in 5^2^, where the equations are only defined on X \ D. Taking 
the traces of the equations, adding them, integrating over X \ D, and using the Chern-Weil 
formula for parabolic bundles, we find that fj, = par^u {V © W). 

The subspace of smooth points in Jif^ carries a Kahler metric induced by the complex 
structure of X and the hermitian metrics hy and hw . The Hitchin equations are moment map 
equations for the action of ^^i^ subspace. In particular, the smooth part of S, which 

corresponds to irreducible solutions, is obtained as a Kahler quotient. Under the genericity 
assumptions on the parabolic weights in Assumption 12. H all the solutions are irreducible and 
the moduli space 5 is a smooth Kahler manifold. 

Fix the topological invariants p = rkV, q = W, a = degV, b = degW^ and the weight 
types a and a' of V and W, respectively. Then 

U{p,q,a,b;a,a')^{je^)1/{W'^i, 

where are the stable elements in J^. Moreover, if S{p, q, a, b; a, a') is the moduli space of 
solutions for these fixed invariants, we have the following. 

Theorem 5.1. There is a homeomorphism 



U{p, q, a, b; a, a') = S{p, q, a, b; a, a'). 
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6. Morse theory on the moduli space of parabolic U(p, (?)-Higgs bundles. 

In this section we recall the Bott-Morse theory used already in the study of parabolic Higgs 
bundles in [GGM^ IBoY] . There is an action of C* on U given by 

ip: C* xU ^ U 

This restricts to a Hamiltonian action of the circle on the moduli space S of solutions to the 
Hitchin equations, which is isomorphic to U (Theorem 15. with associated moment map 



Clearly / is bounded below since it is non-negative. It is also proper, this follows from the 
properness of the moment map associated to the circle action on M [Bis] (see also |GGM] ) 
and the fact that U d M \s a, closed subset. 

To study the connectedness properties of li, we use the following basic result: if Z is a 
Hausdorff space and / : Z — > M is proper and bounded below then / attains a minimum on 
each connected component of Z. Therefore, if the subspace of local minima of / is connected 
then so is Z. We thus have the following. 

Lemma 6.1. The function f : U ^ M defined in (|12|) has a minimum on each connected 
component ofU. Moreover, if the subspace of local minima of f is connected then so islA. □ 

Now we will describe the minima of /. For this we introduce the subset of U defined by 
(13) AA = AA(p, (7, a, 6; a, a') = {(ii^, <I>) G Z//(p, (/, a, 6; a, a') such that /? = or 7 = 0}. 
Proposition 6.2. For every (E, ^) £ hi 



with equality if and only if (E, <I>) G J\f. 

Proof. The proof is similar to the one for Proposition 4.5 in |BGG] apart from the fact that 



We will prove that M is the subvariety of local minima of /. For this we have to describe 
the critical points of / and characterize the local minima. By a theorem of Frankel [F], the 
critical points of / are exactly the fixed points of the circle action. 



For a fixed point {E, of the circle action, we have an isomorphism [E, <I>) = {E, e^ ^^<I>) 
which yields the following commutative diagram. 





/(i?,<i>)> 



we are using adapted metrics on the bundle. 



□ 



E 



^ E®K{D) 



E 



^ E®K{D). 
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Proposition 6.3 ( |S2l Thm. 8]). The equivalence class of a stable parabolic Higgs bundle 
(E,^) is fixed under the action of if and only if it is a parabolic Hodge bundle. This 
means that E decomposes as a direct sum 

E = Eo®Ei®---®Em 

of parabolic bundles, such that = ^\ei belongs to if'^(SParHom K{D)). If 

/ 0, then the weight of the isomorphism ■0e : E — > E on is one plus the weight of ipg 
on El. 

The decomposition of E is given by the eigenbundles corresponding to the eigenvalues of 
the circle action on (E, $). 

Corollary 6.4. In the situation of Proposition [6731 if{E,^) is stable, then each is nonzero 
and the Ei are alternately contained in V and W. 

Proof. The proof goes similarly to the non parabolic case (see Proposition 4.10 from |BGGj ). 

□ 

Now we want to compute the index of a critical point {E, For this we need to write the 
complex in ([3]) in terms of the eigenbundle decomposition provided by Proposition 16.31 Hence 

ParEnd {V) © ParEnd {W) = U2k 

—m<2k<m 

SParHom {V, W) © SParHom {W, V) = U2k+i ■ 

-m<2k+l<m 

where 

[// = FarRomiEj,Ei), 

i—j=l 

(14) 

SParHom (^j ,^i)- 

i-j=l 

Therefore the deformation complex ([3]) for a parabolic U(p, g)-Higgs bundle (-E, <I>) can be 
written as 

C": U,, U^k+i'^KiD). 

—m<2k<m -~m<2k+l<.m 

Each piece of this complex gives a subcomplex whose hypercohomology gives an eigenspace of 
the tangent space T^e,<^P^ for the circle action. 

Proposition 6.5. Let {E, <I>) be a stable parabolic U(p, q)-IIiggs bundle which represents a fixed 
point of the circle action on lA . Then the eigenspace of the Hessian of f corresponding to the 
eigenvalue —2k is of the following complex 

C'2k ■■ U2k '-^^ f>2fc+l ® K{D) . 

Proof. Similar to the non parabolic case (see Proposition 4.11 from [BGGj ). □ 

Corollary 6.6. {E, <&) is a local minimum of f if and only ifM^{C2j^ = for all 1. 



12 



O. GARCIA-PRADA, M. LOGARES, AND VICENTE MUNOZ 



Proposition 6.7. Let be a stable parabolic \J{p, q)-Higgs bundle which is a fixed point 

of the -action on U. Then xiC'k) — f'^^ ^ > 1^ CLnd equality holds if and only if 

is an isomorphism of bundles. 
Proof. We want to get a bound for 

(15) x{C'2k) = x{U2k) - x{U2k+i K{D)). 

The dual of each Ui is 

= {PaiRom {Ej,Ei)y = SPaiRom {Ei, Ej{D)) = U-i{D). 

i-j=l i-j=l 

The dual of ad($)|(72j. is 

(ad($)|c/,J* = ad($)|c/_2.-i ^ li^-i : U^2k~i K'^ ^ U^2k{D). 

The vector bundle ParEnd {E) has a natural parabolic structure induced by the parabolic 
structure of E. In fact ParEnd (E) as a parabolic bundle is the parabolic tensor product 
of the parabolic bundle E and the parabolic dual of E (see |Ylj ). and hence its parabolic 
degree is 0. With respect to this parabolic structure (ParEnd (£^), ad(^>)), where ad($) : 
ParEnd (£") SParEnd(£') (g) K{D), is a parabolic Higgs bundle. Now, the stability of 
(E,^) implies the polystability of (ParEnd (i?), ad ($)). This can be seen by producing a 
solution to the Hitchin equations on (ParEnd {E),ad{^)) out of the solution on {E, <^), which 
exists by Theorem 15.11 Since the solution on (ParEnd (i?), ad($)) may not be irreducible, we 
only have polystability (in particular, semistability) of (ParEnd (-E), ad($)). The subbundles 
ker(ad($)|c/2j.) and ker(ad($)|c/_2fe_i) of ParEnd (£') are ad(<I>)-invariant and hence we can 
apply the stability condition on the parabolic slopes. Since the ordinary degree is smaller 
than the parabolic degree, we have deg(ker(ad($)|c/2j.)) < and deg(ker(ad($)|{/_2^. J) < 0. 
Therefore we have the following chain of inequalities 

deg(C/2fc) = deg(ker(ad($)|c/2j)+deg(im(ad($)|c/2j) 

< deg(im(ad($)|c/2j) 

< -deg(im((ad($)|c/2j*)) 

= - deg(im (ad($)|[/_2fe-i ® ^i^-O) 

(16) = - deg(im (ad($)|[/_,,_ J) + rk (im (ad($)|c/.,,_ J)(2g - 2) 

= deg(ker(ad($)|c7_2,_J)-deg(C/„2fc-i) + rk(im(ad(cI>)|[;_2,_J)(25-2) 

< -deg(^7_2fe-i) + rk(im(ad($)|[;_2,_,))(25 - 2) 
= deg(C/2fc+i(I?)) +rk(im(ad($)|[;_2,_J)(25 - 2), 

where we have used that rk(im(/i)) = rk(im(/i*)) and that deg(im(/i)) < — deg(im (/i*)) for 
any morphism of sheaves h. 
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Using this we have that 

xiC'^k) = deg(C/2fc) + rk(?72fc)(l-5)-deg([/2fc+i®i^(^))-rk(C/2fc+i)(l-5) 
= deg(C72fc) + rk(C/2fc)(l - g) - deg(C/2fc+i) " MU2k+i){9 - I + s) 
< deg(?72fc+i(L»)) + rk(im(ad($)|t/,J)(2r7 - 2) + rk(C/2fc)(l - g) - deg{U2k+i) 

-rk(C/2fc+i)(5 - 1 + s) 
= (5- l)(2rk(im(ad(a>)|f/,J) -rk(C/2fc) -rk([/2fe+i)), 

where we have used that U2k+i = f^2fc+i since all the weights are different and of multiplicity 
1, and hence for i ^ j \t is SParHom (E'j, Ej) = ParHom (Sj, Ej), since Ei and Ej are different 
pieces in the decomposition of Proposition 16.31 We thus have xiC'^) < 0. If equality holds 
then rk (im {ad{^)\u2k)) = (C/2fe) = rk {U2k+i), and also equality holds in (fT6|l . showing that 
ad($)|[72j. is an isomorphism as claimed. □ 

Corollary 6.8. Let (E, be a stable parabolic U(p, q)-Higgs bundle which represents a critical 
point of the Morse function f . This critical point is a minimum if and only if 

ad($)|c/,, ■.U2k^U2k+i^K{D) 

is an isomorphism for all k > 1. 

Proof. By Corollary 16.61 (E, <I>) is a local minimum if and only if 

(17) (C'fc) = 0, VA; > 1. 

Note that by Proposition [331 ^^{C'k) = and B.'^iC'^) = 0, for A: > 1 
minimum if and only if 

x{C'2k) = Y.(-^y dimff (C2'fc) = 0, VA; > 1. 
By Proposition 16.71 this is equivalent to requiring that 

ad($) : U2k ^ f>2fc+i ® K{D) 

be an isomorphism of sheaves. 

Finally, we show that all these minima are in A^. 

Proposition 6.9. Let {E, = (Eq © • • • © Em, ^) be stable and a fixed point of the circle 
action, with m>2. Then (E,^) is not a local minimum. 

Proof. First note that Ui = Ui = for / > m, and note also that for / = m, Um = 
ParHom (£^0; -S'm.)- Now we divide the proof conforming the different possibilities for Ui and 
Ui as the number m of terms in the bundle decomposition of E is even or odd. 

If m is even then 2k = m and 

ad($)|c/„ : ParHom (£^0,^™) ^ 
does not satisfy Corollarv 16.81 hence (-E,$) is not a local minimum. 
If m > 2 is odd, then 2A; = m — 1 and 
ad($)|[/^_, : ParHom (Eq, E^-i) © ParHom (£1, £„^) ^ SParHom {Eq, E„,) © K{D). 



. Hence {E, $) is a local 



□ 
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We will show that this is not an injective map of sheaves, and therefore {Eq ® • • • © Em, ^) is 
not a minimum. We prove this in a small open set where all the bundles trivialize. We need 
to find C = (Cii C2) £ f^m-i, C / such that eid{^)\um-iiC) = 0, i.e. we need to find Ci and C2 
making the following diagram commutative. 

Eo Ei®K{D) 



Ci 



C2®1k(I5) 



Em-i > Em ® K{D) 

For this, take C2 / such that C,2 ® ^k{D){J^i (d)K{D)) C $(£'m-i), this is possible by taking ^2 
as the composition of in Proposition 16.31 tensor the appropriate power of K{D), note that 
they are nonzero by Corollary 16.41 Now take (i such that 

therefore ^m-i{C) = (C2 ^k{D)) 0^ — ^0(1 = ^ with C 7^ 0- So <I>.m-i is not injective. □ 

Corollary 6.10. The subvariety of local minima of f : U{p,q,a,b;a,a') M coincides with 
the set M(j>,q,a,b;a,a') defined in l[T3\). 

Proof. By Proposition l6.91 for (E, to be a minimum it must have a decomposition of the form 
E = Eq® El with $ mapping Eq into Ei. But by definition the only possible decompositions 

&TeE = V®W with ^=f!| MandE = VF©y with ^ = f q V So G AA. 



Conversely, if G N then m = 1 and U2k = f^2fc+i = 0, for k > 1. So Corollary 16.81 

applies and {E, is a minimum. □ 

Which of the two components of the Higgs field vanishes is given by the following. 
Lemma 6.11. Let (E,^) G J\f. Then the Toledo invariant r 7^ and 

(i) 7 = if and only if t < 0. 

(ii) (3 = if and only if t > 0. 

Proof. Observe that r can not be equal to zero because this implies 7 = /3 = and then $) 
cannot be stable. The rest follows directly from the definition of the Toledo invariant. 

□ 

Our main goal in the rest of the paper is to show the following. 
Theorem 6.12. Suppose g > 0. Then there is a value 

\p — q\ 

TL = min{p, q}{2g - 2 + s) ■ e, 

p + q 

with e > explicitly computable (see Remark \11.9\) . such that the subvariety J\f{p,q, a, b; a, a') 
is non-empty and connected if and only if the parabolic Toledo invariant r satisfies the bound 
\t\ < tl- The moduli space of parabolic \J(j),q)-Higgs bundles h({p,q,a,b;a,a') is empty for 
\r\ > TL. 
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Proof. In the case p ^ q, the result will follow from Proposition 17.41 and Theorem II 1.81 In the 
case p = q, the result will follow from Propositions 17.41 and 17.71 Corollary 112.121 and Remark 
I12.i:^l Note that tl = tm for p = q. □ 

Combining Theorem 16.121 Corollary 16.101 and Lemma 16.11 we have the main result of our 
paper. 

Theorem 6.13. Suppose g > and s > 0. The moduli space of parabolic \J{p,q)-Higgs bundles 
U{p, q, a, b; a, a') is non-empty and connected if and only if |r| < tl- The moduli space is empty 
whenever \t\ > t^. □ 

Remark 6.14. It is likely that Theorem 16. 131 holds more generally than under Assumption 12.11 
It should be enough to assume that y © have full flags, but arbitrary (non-generic) weights. 
The reason is that the assumption of full flags is strong enough to avoid the type of problem 
that comes up in Theorem 3.32 of |BGGj . since all the weights are distinct. One way to prove 
this would be to show that the moduli spaces for different choices of weights are related by 
flips as with the moduli spaces of triples (as in |Thj ) . 

Remark 6.15. Actually, in both Theorems 16.121 and 16.131 the case |t| = tl does not occur 
under Assumption 12.11 This is true since a = 2g — 2 is not a critical value for the appropriate 
moduli space of triples appearing in Proposition 17.41 (see Remark 17. 5p . For p = q, ii cannot 
happen that |t| = tm, as pointed out in Remark 112.131 



7. Parabolic triples 



In the previous section, we have concluded that it is necessary to study the connectedness 
of the subspace M oiU. This subset consists of parabolic U(p, g)-Higgs bundles with 7 = or 
/3 = 0, hence giving rise in a natural way to objects called parabolic triples. 

We recall the basics of parabolic triples from [Bid ICGMj . A parabolic triple is a holomorphic 
triple T = (Ei, E2, </>) where Ei and E2 are parabolic bundles and (p : E2 ^ Ei{D) is a strongly 
parabolic homomorphism, i.e. (j) S H^(SPaT:iiom{E2, Ei{D))). We denote by a = (a^,a^) the 
parabolic system of weights for the triple {Ei,E2, 4>), where a* is the system of weights of Ei 
with i = 1,2. 

For fj G M the parabolic a-degree and a-slope of T are defined as 

pardeg^(r) = pardeg (£^1) + pardeg (E'2) + crrk (£'2), 

(18) 

, , pardeg Ei + pardeg E2 rk(£'2) 
^"""^"^ rk(£i)+rk(£2) ^''rk(ii;i)+rk(£2)' 

A parabolic triple T' = {E[, E2, (I)') is a parabolic subtriple of T = (Ei, E2, (p) if E'^ C Ei are 
parabolic subbundles for i = 1,2 and (p' = (pl^'^ being (^(£'2) ^li^). As usual, T is called 
(T-stable (resp. ci-semistable) if for any non-zero proper subtriple T' we have par/z^(T') < 
par/ig.(r) (resp. par/Xg.(T') < par/ig.(r)). The triple T is called a-polystable if it is the direct 
sum of parabolic triples with the same parabolic cr-slope. 

Let 

J^a = J^a{ri,r2,di,d2;a^ ,a^) 
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be the moduli space of isomorphism classes of c-polystable triples with fixed system of weights 
(a^a^) and ri = rk(£'i), r2 = rk(£'2), di = deg(£'i), d2 = deg(£'2). Let 

be the open subset consisting of cr-stable triples. 

Proposition 7.1. A necessary condition for J\fa{ri,r2,di,d2,a^ ,a'^) to be non-empty is 

am < cr < aM if ri / r2 
CTm < a- if n = r2 

where 

am = par/x - par// (£^2) 

CTM = ( 1 + ) (par/i (£'1) - par/i (£'2)) + s ^ , i/ri/r2. 

Proof. See Proposition 4.3 from |GGMj . □ 



parabolic triple T = {Ei,E2,cj)) we get a parabolic U(p, (?)-Higgs bundle with $ 



Remark 7.2. We will see later on that there is an effective upper bound aL given by ()38p which 
in general is strictly smaller than aM- 

The correspondence between parabolic triples and parabolic V{p, g)-Higgs bundles goes as 
follows. Let (-£,<&) be a parabolic U(p, g)-Higgs bundle with ^ = P : W ^ V ^ K{D). This 
defines a triple T = (Ei, E2, (j)) where Ei = V <^ K, E2 = W, (p = (3. Conversely, given a 

0/3 


by defining {E = V QW,^) where V = Ei ^ K~^, W = E2 and (3 = (j). When (£, $) is a 

parabolic U(p, g)-Higgs bundle with ^ = ( ^ ^ ] : V ^ W K{D) we have an analogous 

V 7 y 

correspondence. That is, the corresponding triple to (E, <I>) is T = (W (S> K, V, 7). 

Lemma 7.3. A parabolic l]{p,q)-Higgs bundle (-£,$) with /3 = or 7 = is parabolically 
(semi) stable if and only if the corresponding parabolic triple is a -(semi) stable for a = 2g — 2. 

Proof. Let T = {Ei, E2, 4>) be the triple defined by {E, (without loss of generality we assume 
7 = 0). Therefore if we set a = 2g — 2 vfe have 

pardeg(£i) +pardeg(£;2) , rk(S2) 
par/z,(r) = ^^.^ . , ^ +a- 



rk(Si)+rk(£;2) rk(£;i)+rk(S2) 

pardeg {V) + pardeg {W) + p{2g -2) 
(lyj = \- a- 



p + q p + q 

= par/Li {E) + 2g-2. 

Note that the correspondence between parabolic triples and U(p, q) parabolic bundles with (3 = 
or 7 = gives also a correspondence between parabolic subtriples and parabolic subbundles. 
That is, given a subbtriple T' of T the corresponding parabolic U(p, g)-Higgs bundle is a 
invariant subbundle of (£,$), and conversely given (£",<!>') the corresponding triple gives a 
parabolic subtriple of T. Hence equation (fT9l) gives that par// 2^-2 (^') < P^i"/^ 2g-2(^) if and 
only if par/f (£") < par// (£) (analogously for the semistability condition). □ 
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Combining the arguments above and Lemma 16.111 we have the following correspondence. 

Proposition 7.4. LetJ\f{p, q, a, b; a, a') be the submanifold of local minima oflA{p, q, a, b; a, a') 

and let r be the Toledo invariant then, 

(i) If T < then J\f{p, q, a, b; a, a') = M2g-2{p, q, a + pi^g — 2), b; a, a'). 

(ii) // T > then J\f{p, q, a, b; a, a') = J\f2g-2{q,P, b + q{2g — 2),a;a' ,a). 

Proof. It follows immediately from Lemma 16.111 □ 

Remark 7.5. Note that the genericity condition on the weights implies that there are no prop- 
erly cT-semistable triples for a = 2g — 2, that is, J^2g-2 — ^2g-2- 

So we state the following assumption that we shall use during the rest of the paper, and 
which is a translation of Assumption 1 2 . 1 1 via Proposition 17.41 

Assumption 7.6. We consider moduli spaces of cr-stable triples Ma{ri,r2,di,d2;a^ ^a^) sat- 
isfying that there are no properly {2g — 2)-semistable triples and such that all the weights are 
of multiplicity one, and the weights of Ei and E2 are all different. 

It is clear that in order for J\f{p, q, a, b, a, a') to be non-empty, 2g — 2 must be in the range 
for a given by Proposition 17. H where am and cjm are determined by the correspondence given 
in Proposition 17. 4i In fact, one has the following comparison of such necessary condition with 
the Milnor-Wood inequality for the parabolic Toledo invariant r given in Proposition 14.41 



Proposition 7.7. Let am and aM be the bounds for a defined in Proposition \ 7. l\ for the moduli 
space of parabolic triples identified in Proposition \ 7.4\ with the subvariety J\f{p,q,a,b,a,a'). 
Recall tm = min{p, q}{2g — 2 + s). Then 



< |r| < Tj\/ <^ 



o-m < 2g - 2 < aM, if P / q, 
am<2g-2, if P = q- 



Proof. Write am and aM in terms of r, that is, 

'^™, = ^r + 25-2, ifT<0, 

^™. = -^r + 2g-2, if r > 0, 

--=(l + l^)(W- + 2,-2)+.|±|, ifr<0, 
--=(l + ^)(-W- + 2.-2)+.|±|, ifr>0. 

From these equalities, the result is clear. □ 

Remark 7.8. Proposition 17. 71 gives a condition for the number of marked points in order for J\f 
to be non-empty. Namely, 

(i) If 5 = then s > 3, 

(ii) If 5 = 1 then s > 1, 

and no extra condition when g > 2. 
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8. Extensions and deformations of parabolic triples 



In order to study the differences between tlie moduli spaces Ma as a changes, we need to 
study extensions and deformations of parabolic triples. This study is done in [GGMj . We 
summarize the main results. 



Let T' = {E[,E'2,(p') and T" = {E'{,E'^,(j)") be two parabolic triples. Let Hom(r",r') 
denote the vector space of homomorphisms from T" to T', and Ext^ (T",T') be the vector 
space of extensions of the form 



T" 0, 



that is, commutative diagrams: 




E'2 



E2 







E[{D) 



Ei{D) 



0. 



In order to study extensions of parabolic triples, we consider the following complex of sheaves 
(20) C'{T'\ T') : ParHom {E'{, E[) © ParHom {E^, E^) SParHom {E2, E[{D)) 

(■01, -02) ^ (t) '4)2 - i'l'f)" ■ 

Proposition 8.1 (Proposition 4.7 |GGMj ). There are natural isomorphisms 

Hom (T",T') ^ M°(C7*(T",r')), 
Ext^(r",r') ^ M^{C'{T" ,T')). 

and a long exact sequence: 

^ H° ^ (ParHom [E'l, E[) ® ParHom {E^, E^)) ^ (SParHom {E^, E[{D))) 
(ParHom {E", E[) ParHom (^^', E'2)) ^ i/^ (SParHom {E2,E[{D))) 

0. 



(21) 



We denote: 



(22) 



h'{T",T') =dimM^(C'(r",r')), 

X{T",T') =h\T",T') - h\T",T') + h'^{T",T'). 

Proposition 8.2 (Proposition 4.8 |GGMj ). For parabolic triples T' and T" 

X{T", T') = x(ParHom {E'i, E[)) + x(ParHom {E'l E'^)) - x(SParHom [EIE[{D))). 

Corollary 8.3 (Corollary 4.9 [GGMj ). For any extension ^ T' ^ T ^ T" ^ of parabolic 
triples we have that 

X{T, T) = x{T', T') + x{T"X) + x{T", T') + x(T', T"). 



Using the same arguments as in Proposition 3.5 of |BGG2j one can prove the following. 
Proposition 8.4. Suppose that T' and T" are a-semistable. 
(i) //par/i^(r') < par/^^(r"), then B.^{C'{T" ,T')) ^ 0. 



MODULI SPACES OF PARABOLIC U(p,g)-HIGGS BUNDLES 19 

(ii) If paifj, ^{T') = par/ig.(T") and T' , T" are a-stable, then 



(23) lf{C'{T",T')) 



c, if r ^ T" , 

0, ifT'^T". 



Theorem 8.5. Let T = {Ei, E2,(p) be a a-stable parabolic triple. 

(i) The Zariski tangent space at the point defined by T in the moduli space of a-stable 
triples is isomorphic to M^{C'{T,T)). 

(ii) //El2(C"(r,r)) = 0, then the moduli space of a-stable parabolic triples is smooth 
in a neighbourhood of the point defined by T . 

(iii) H[^(C*(T, T)) = if and only if the homomorphism 

F^(ParEnd(£;i)) ©F^(ParEnd(^2)) ^ F^(SParHom (^Jz, E^i (£>))) 
is surjective. 

(iv) At the smooth point in represented by T, the dimension of the moduli space of 
a-stable parabolic triples is 

dimM^ =h\T,T) = 1 - x{T,T) 

=1 - x(ParEnd {Ei)) - x(ParEnd {E2)) + x(SParHom {E2, Ei{D))) 

(v) // (j) is injective or surjective then T defines a smooth point in the moduli space. 
Proof. The proof runs analogous to the non parabolic situation (see proof of Theorem 3.8 in 

[ESSl]). □ 

9. Critical values 

A parabolic triple T = {Ei,E2,4>) is strictly a-semistable if and only if there is a proper 
subtriple T' = {E[, E'2,(j)') such that par/i^(T) = paifi ^{T'), i.e., 

J,/ 

(24) par^ (T') + a , ^ , = par/i (T) + a 



r{ + ri + r2 

where r[ = rk(E[), r'2 = rk(£'2). There are two ways in which this can happen. One is that 
there exists a parabolic subtriple such that 

r'o r2 



r[ + ri + r2 

therefore this implies 

par^u (T') = par/i (T). 

In this case T is strictly cr-semistable for all a (or at least for an interval of values of a) and it 
is called a -independent semistable. The other way in which strict o"-semist ability can happen 
is if equality holds for ()24p but with 



r[ +r'2 ri + r2 ' 
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Definition 9.1. The values of a such that there exists a strictly cj-semistable triple T with a 
subtriple T' such that par//^(r') = par/i^(T) and 



r'^ + ^2 ri + r2 

are called critical values. 

Proposition 9.2 (Proposition 5.2 |GGMj ). (i) The critical values of a form a discrete 
subset of [crm,crM] if n / r2, and of [am, oo) if ri = r2. 

(ii) The stability criteria for two values of a between two consecutive critical values are 
equivalent; thus the corresponding moduli spaces are isomorphic. 

(iii) For generic weights, a = 2g — 2 is not a critical value. 

Let Uc be a critical value such that < ac < ctm- Here we adopt the convention that 
(Tm = oo when ri = r2. Set 

0-+ = fJc + e, cj^ = CTc - e, 
where e > is small enough so that CTc is the only critical value in the interval {a^ , ) . 

Lemma 9.3. Let ac € {am,aM) be a critical value. We define the flip loci S^± as the set of 
triples in which are a^ -stable but not a^ -stable. Then 

M'+ - = = M'- - S- . 

(Tc CTc CTc CTc 

The following result is analogous to |BGG2l Proposition 5.4]. 

Proposition 9.4. Let ac G {am,aM) be a critical value. Let T = (Ei, E2, (f>) be a triple which 
is ac-semistable. 

(1) Suppose that T represents a point in S^+, i.e. suppose that T is a'^ -stable but not 
a" -stable. Then T has a description as the middle term in an extension 

(25) O^T' ^T ^T" ^0 

in which 

(a) T' and T" are both a'^ -stable, with pavfj. ^+{T') < parfj. ^+{T), 

(b) T' and T" are both ac-semistable with paifi ^^{T') = p&r^^^{T). 

(2) Similarly, ifT represents a point in S^- , i.e. ifT is a~ -stable but not a^ -stable, then 
T has a description as the middle term in an extension l\25\i in which 

(a) T' and T" are both ac -stable with par^^-(T') < par/i^-(r), 

(b) T' and T" are both ac-semistable with paifi ^^{T') = par/_i^^(T). 

The following lemma is proved with analogous arguments as in Proposition 3.6 of |BGG2j . 

Lemma 9.5. Let T' and T" be triples which are a-stable and of the same a-slope, for some 
a>2g-2. Then 

m^{C'{T",T')) = 0. 

Corollary 9.6. Ma is smooth of the expected dimension, for any a > 2g — 2. 

Proposition 9.7. If ac > 2g — 2 then the loci S^± C AA^^ have codimension bigger than or 
equal to —x{T',T"). 
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Proof. Let us do the case of . For simplicity we denote 

^ c ^ c 

M'^, = M^,irlrldl4-a'",a'"). 

It is known from [Y2j that ■^f'^± and J^"± are fine moduli spaces. That is, there are universal 
parabolic triples T' = {£[,£2, and T" = {£i,£2, over Af' + x X and Af"+ x X respectively. 
Thus we consider the complex C*{T" , T') as defined in (I20p and take relative hypercohomology 
with respect to the projection 

TT-.XxAT'+x M"+ M'+ X M"+. 

We define W+ := E[^(C'(T", T')). By Proposition [131 5^+ is a subset of the projective 
fibration PVF"*" over M' + x The fibres of this fibration are projective spaces of dimension 

dimP(Ext^(r",r')) =dimExt^(r",T') - 1 

=h^{T",T') + h^{T", T') - x{T", T') - 1 
= -x{T",T')-l, 

using Lemma[93]and Proposition [83] to substitute h°{T",T') = h'^{T",T') = 0. Therefore 
dim 5^+ < - x(r", T') + dim(AA;+ x M'^+) 

= - x{T", T')-l + l- x{T',T') + 1 - x{T", T") 
= dimAA^++x(r',T"), 

since the moduli spaces N' + and J\["+ are smooth of the expected dimension. Therefore 
dimAA% -dimcS + > -x(T''r"). □ 

Hence, if we prove that this codimension is positive then the moduli spaces for different 
values of o" > 2(j( — 2 are birational, and in particular have the same number of irreducible 
components. 

10. Codimension of the flip loci 

Let fjc be a critical value in the interval (frmjCA/) such that o"c > 251 — 2. Let T' and 
T" be two (7^-stable (and dc-semistable) parabolic triples with paryU^^(r') = par^g.^(r"). 
Changing the roles of T' and T", we may compute the bound x{T'\ T') for the codimension of 
the flip locus (Proposition 19. 7j ) using the complex (j20p . Under our Assumption 17.61 we have 
SParHom(£'^',£;J(i:>)) = FarRom {E'^, E[{D)), and hence the complex 1^ is 

C'{T\T') : Ci = ParHom {E'(,E[) ParHom {E'^, E'^) ^ Cq{D) = ParHom {E'^, E[{D)) 

(6,6) ^ ^'i2-ii<P". 

Our task is to bound the Euler characteristic of the complex C*{T" ,T'), that is, 
xiC'iT", T')) = (1 - 5)(rk (Ci) - rk (Co)) + deg(Ci) - deg(C7o(Z))). 

In order to obtain bounds for deg(Ci) and deg(Co), we follow a similar strategy to that 
used in [BCGj in the non-parabolic case, exploiting the existence theorem for parabolic vortex 
equations. 
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Theorem 10.1 ( \BiG\ Thm. 3.4]). Let T = (£'i , i?2 , (/>) be a parabolic triple. Let n and T2 
satisfy ti rk {Ei) + T2 rk (£"2) = pardeg (£^1) + pardeg (£"2), and let a = ti — T2- Then Ei and 
E2 admit hermitian metrics, adapted to the parabolic structures, satisfying 

^KF{E{) + 4>4)* =TildE„ 
^AF(£2) = r2 Ids,, 

if and only ifT is a-polystable. Here F{Ei) is the curvature of the hermitian metric of Ei and 
A is the contraction with a Kdhler form on X with volume normalized to 2tt. 

One can easily show that 

ri = par/i^(r), 
r2 = par/i ^ (T) - cj. 

Moreover, adding up the equations in Theorem 110.11 integrating, and using the Chern-Weil 
formula for parabolic bundles, we have that 

nn + r2T2 = pardeg (Ei) + pardeg (£2)- 

In our situation, the triples T' and T" are a-stable for a = a^, and hence, by Theorem llO.H 
there exist adapted hermitian metrics such that 

V^AF{E[) + = r( Id^,, V^AFiE'^) - (cP'TcP' = r^Id^,, 

V^AF{E'l)+4>"{cP"r = rl'lds., ^AF{E'^) - (<^")>" = r^Id^., 

where cr = t{ — = r{' — . In particular, r{ — t{' = — T2 . 

Let us consider the induced adapted hermitian metrics on Cq and Ci. The corresponding 
curvatures are given by 

F{Co) = -F{E'^Y (g)ldE[+ld<S)F{E[), 

F{Ci) = ^-F{E'iy® Id E'^+ldE'^(S)F{E[),-F{E'^Y^ldE^+ldE-(S)F{E'^: 

Actually, we have defined Cq and Ci as holomorphic bundles, but they admit parabolic struc- 
tures in a natural way: given parabolic bundles E and F, there are parabolic duals E*^ 
and parabolic tensor products E fS>^ F (see |Ylj |GGMj ). Then the parabolic structure on 
ParHom (E, F) is given by E*^®^ F. In the formulas for F{Cq) and F{Ci) we have to consider 
the adapted metrics for the parabolic structures on each {Ej)*p (^"^ E[, induced by the adapted 
metrics on the bundles E'j^ and E'^, for k = 1,2. 

Consider the homomorphism 02 defined by 

ParHom {E'l, E'^){-D) ParHom {E'i, E[) ParHom {E'^, E'^) 

The connections on Cq and Ci satisfy 

.2fi^ v^AF(C7o) + aia\ = {t[ - r^) Id Co 

^ ' ^/^AF{Ci)-a\ai + a2al = {T[-T'{)ldc,. 
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Lemma 10.2. Let K and Q{D) denote the kernel and the torsion-free part of the cokernel, 
respectively, of the homomorphism a\ . Then 

pavfi{K) < par/i^(r') - par^^(T"), 
par^u (Q) > par/io.(r") - par/i^(r') + a. 

Proof. The kernel K is a subbundle of the hermitian bundle Ci, so that we may take the 
C°° orthogonal splitting Ci = K (B S. Since K is a holomorphic subbundle, the induced 
connection Dk on K satisfies Dc^Ik = Dk + A, where Dq^ is the connection on Ci and 
A G ^l^'^{Yiom.{K, S)) is the second fundamental form oi K C Ci. Therefore the curvature 
F{K) of the connection on K satisfies ^(01)1^- = F{K) + ^ A. 

We now use the second equation in (|26p restricted to X, take the trace and integrate on 
X\D,io get 

/ T,{^^F{K)+A'^A)-a\al\K + a2al\K)=^ TV ((r( - rf ) Idc^ k). 

Jx\D Jx\D 



That is 

pardeg(K) + P|||2+ / Tr (asa^k) = (r( - rf) rk (iiT), 

Jx\D 

obtaining 

pardeg (K) < {t[ - r") rk {K) 

as desired, since r( = par;U^(T') and r(' = par^g.(r"). 

To get the second inequality, let S'{D) be the saturation of the image of ai, which is 
holomorphic subbundle of Cq{D). Then there is a C°° orthogonal splitting Co = 5" © Q. 
The curvature of the induced connection on Q satisfies F{Cq)\q = F{Q) + B A with B G 
U^'^(Hom {Q, S')). If we consider the first equation in (126]) restricted to Q, take the trace and 
integrate, we get 

/ TriV^A{FiQ)+BAB')+aial)\Q= [ TV ((r{ - t^') Idc„ Iq)- 

JX\D JX\D 



That is, 



pardeg (Q) - \\B\\l, = {t[ - T^')(rk(Co) - rk(im(ai)). 

Hence, 



(27) pardeg (Q) > (r{ - r^)(rk (Co) - rk (im (ai)), 

as stated. □ 

Theorem 10.3. Let T' and T" be a'^ -stable parabolic triples over a punctured Riemann surface 
of genus g > such that par^^^(T') = par;U^^(T") for ac > 2g — 2. Suppose that the morphism 
oi is not an isomorphism of bundles. Then 

x(c-(r",r'))<o. 
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Proof. We have 

x(C«(T",r')) = (l-g)(rk(Ci)-rk(Co))+deg(Ci)-deg(Co(D)) 

= (1 - 5)(rk (Ci) - rk (Co)) + deg{K) + deg(im (ai)) - deg{Co{D)) 

^ ' < (l-5)(rk(Ci)-rk(Co))+deg(i^)-deg(Q) 

= (1 - g){Tk (Ci) - rk (Co)) + deg(ir) - deg{Q{-D){D)). 

Observe that for any (non-zero) parabohc bundle E, deg{E{D)) > pardeg (E) > deg{E), where 
the strict inequahty is given by the fact that the weights on E always satisfy < ai{x) < 1, 
for all i and all x £ D. Using this, the hypothesis a > 2g — 2, and Lemma 110.21 we have 

xiC'{T",T')) < (1 - 5) (rk(Ci)-rk (Co)) + pardeg (E:)- pardeg (g(-i?)) 
= (1 - g){Tk (Ci) - rk (Co)) - a{vk (Co(Z?)) - rk (im (ai)) 
(29) < (l-<7)(rk(Ci)-rk(Co)) + 2(l-<7)(rk(Co)-rk(im(ai)) 

= (1 - g){vk (Ci) + rk (Co) - 2rk (im (ai)) 
< 0, 

using that g > 1. If either or Q is a non-zero bundle, then the first line of ()29l) is a strict 
inequality. If both are zero and oi is not an isomorphism, then the third line of (|28|) is a strict 
inequality since im (oi) 7^ Co{D). In both cases, 

x(C'(T",r))<0. 

□ 

Remark 10.4. Note that this theorem does not cover the case g = 0. This is not so surprising if 
we recall that, in order for parabolic bundles to exist on P^, the parabolic weights must satisfy 
certain inequalites ( |Bisl IBelj ) . Presumably, something similar must be true also in the case of 
parabolic U(p, (7)-Higgs bundles. 

The following result will be useful in the next sections. 
Lemma 10.5. // ai is generically an isomorphism of bundles, then either 

(a) E'( = and (p' : E2 ^ E[ is generically an isomorphism. In this case, r2 > ri . 

(b) E2 = and (j)" : E2 — > E'^ is generically an isomorphism. In this case, r2 < ri. 

Proof. One may look at a generic point x G X \ D, i.e, a point where the maps <j)' and (p" are 
generic. We have 

(ai)^ : ParHom (C^" , ) © ParHom (Ca , ) ^ ParHom (C^2 , C^'i ) 
(a, (3) ^ (j)'^ (3-a 0" . 

If 0" is not surjective, take /3 = and a / with a;|im(0//) = 0. Then (ai)a,(a,/3) = 0. If 
(j)'^ is not injective, take q = and /? / with im (/3) C ker^'^,, to get (01)3,(0, /3) = 0. Both 
possibilities contradict the injectivity of {ai)x. Therefore is surjective and (p'^ is injective. 

If neither of (j)'^ and </)^ is an isomorphism, then take a map C^a — > C'l which induces a 
non-zero map kei{(j)'^) — > coker((/)^). This cannot be in the image of {ai)x, contradicting our 
assumption. So either (j)'^ or 0^ are isomorphisms. In the first case r^r" -|- r'2r2 = ?"2'"i gives 
r'l = and we are in case (a). In the second, we are in case (b). □ 
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11. IrREDUCIBILITY of the MODULI SPACE OF TRIPLES FOR ri / r2 

This section is devoted to study the irreducibihty and non-emptiness of the moduh space of 
CT-stable parabohc triples for ranks ri 7^ r2. 

Given a triple T = {Ei,E2,(l)) one has the dual triple T* = {E^^ , E*/ , cp*) where E*^ is the 
parabolic dual of Ei and is the dual of (j). 

Proposition 11.1. The a-stability ofT is equivalent to the a-stability ofT*. The map T T* 
defines an isomorphism of the corresponding moduli spaces of a -stable triples. 

This allows us to restrict to the case ri > r2 and appeal to duality for the case ri < r2. So 
throughout this section we assume that ri > r2- 

Lemma 11.2. Let X be a Riemann surface with a finite number of marked points and let E, 
F be parabolic bundles on X . Let p G X be a parabolic point. Then there is a natural exact 
sequence 

^ Hom(^p^Fp) ^ ^ ParHom {E, F)p ^ ParHom {Ep, Fp) ^ 0. 

The second map is induced by restriction to p. The first map is multiplication by a holomorphic 
function vanishing once at p. 

Proof. We have a defining exact sequence for the bundle of parabolic homomorphisms from E 
to F given by 

^ ParHom {E, F) ^ Hom {E, F) ^ ffi Horn (g F.) ^ 
^ ' ^ ^ ' ^ ^ ParHom 

Now we tensor with the skyscraper sheaf C{p), to get 



This is because Tor p^Hoii^E^F ) ; ^(p)) = for p 7^ x, and the fact that if is a torsion sheaf 
supported scheme-theoretically at p (i.e., supported at p and with no infinitesimal information), 
we have that Tor(0,C(p)) = (g> 0{—p) naturally (to see this, tensor the exact sequence 
0{-p) -^O ^ C{p) with G). Hence 

- J^T ^""'fi . ^ 0{-p) ^ ParHom (F, F), ^ Hom (F„ F,) ^ Hom(F„F,) 



ParHom (Fp, Fp) ^ y ^ k p^ pj ParHom (Fp, Fp) 

which yields 

^ Hom(Fp^Fp) ^ ^ ^ ParHom (F, F)p ^ ParHom (Fp, Fp) ^ 0. 
ParHom (Fp, Fp) 

Locally, with a local coordinate z vanishing at p, the second map is given by (/o + /i-z + ' • • )p 
/o- The first map is /i 1-^ {fiz)p. □ 
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To clarify the Lemma, let us see an example, where E has rank 3 and weights F has 
rank 4 and weights aj, and Pi < ai < a2 < < (32 < < a^. Then a typical parabolic 
homomorphism from E to F has matrix of the form: 



^11 (^) 


'^12(2;) 


Mz) \ 


(t>2l{z) 


(l)22{z) 


4>23{z) 






4>33{z) 


(/)4l(z) 


(p42{z) 


Mz) |/ 



around p. The parabolicity of <j) means that for z = 0, the only non-zero entries are those below 
the broken line. The line in the matrix is easy to construct: starting by the upper-left corner, 
draw a horizontal line for each (3j, and a vertical line for each Oj, considering the a's and /3's in 
increasing order. The sheaf ParHom (E, F) is actually a bundle (since it is torsion-free) of rank 
rk (E) rk (F). Its stalk at p, ParHom (E, F)p, is formed by the matrices with entries which are 
complex numbers below the broken line, and which are complex numbers times z above the 
line. 

Proposition 11.3. Assume that g > 0, ac > 2g — 2 and ri > r2. Let T' , T" he -stable 
triples with ^(j^{T') = fi„^{T"). Then x(C*(T", T')) = if and only if the following conditions 
hold: 

(1) E', = 0. 

(2) (j)" : E2 — > E'({D) is a fibre bundle isomorphism at X \ D. In particular, r!^ = r". 

(3) At any point p £ D, write (f>" = z~^{(j)o+(piz+4>2Z^-\-- • • ), where z is a local holomorphic 
coordinate around p in X. Then ParHom (E'^'^, p) — > ParHom (£'2 p, -E^ p), / ^ 
— / ° 00; 'i'S surjective. 

(4) At any p £ D, consider the induced homomorphism (pi : kei <pQ — > coker (j)Q. Then 
ParHom (coker E[ p) — > Hom (ker <j)Q, E[ p), / h-> — / o (pi, is surjective. 

Proof. By Theorem 110. 3| x(C*(T",T')) = if and only if oi is an isomorphism. By Lemma 
110.51 if ai is generically an isomorphism and ri > r2 then E2 = 0. This proves (1). Also 
(j)" : E2 — > E'l[D) is generically an isomorphism. Moreover the two bundles involved in the 
complex C*{T" , T') must be of the same rank and of the same degree. The complex C*{T" , T') 
reduces to 

ParHom {E", E[) ParHom {E'^, E[{D)), 

where ai(/) = — / o (f)" is an isomorphism of bundles. Restricting ai to the open subset 
U = X \ D, we have that Hom {E'{ , E[)\ij — > Horn {E2 , E[{D))\ij is an isomorphism. Hence 
E'^zlu ~^ -^1 (-^)lf/ is an isomorphism of bundles, and (2) follows. 

Now let p £ D, take a neighbourhood U of p, and a coordinate z vanishing at p. Hence we 
may write (p" = (poz~^+(j)i+(p2Z+- • • , where (pi G Hom {El^p, E'l^) and (pQ G ParHom (-£^2,^' -^i,p)' 
on U . We want to characterize when 

ParHom {E'l, E[)p ParHom {E2, E[{D))p = ParHom {E2, E[{p))p 
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is an isomorphism of vector spaces. It is enough to analyze when this map is surjective. Using 
Lemma lll.2l we have a commutative diagram whose rows are short exact sequences: 

__l_2^^J^^^Oi-p) ParHom - V^Tllom{El^,El^) 

Hom(£;^' ,^1 

ParHorn (4-^, ^1^) ^ ParHom (i^^', ^ V^,^om{El^,El.^) 0{p). 

The middle vertical arrow is induced by / 1— > — /o c^". Thus the right vertical arrow is induced 
by /o ^ —{fo° 4'o)z~^- The left vertical arrow is thus given by /i 1— > — (/i o (j)Q)z~^. 

We want to characterize the cases where the middle vertical arrow is surjective. Using 
the long exact sequence produced by the snake lemma, we see that 61 being surjective is 
equivalent to 62 being surjective and the connecting homomorphism ker62 coker bo also 
being surjective. The condition that 62 is surjective is exactly (3). 

For the remaining condition, we need to spell out the connecting homomorphism. Take 
/o G FavRom{Elp,E[ p) lying in 

ker62 = FaiRomiElp/(i)oiE'lp),E[p). 

Lift /o to a local section of ParHom {E'( , E[) on U, e.g. taking f(z) = /q. Compose with (p" 
to get — (/ o (pQ ^ f o (j)iz + • • • )z^^. Recalling that / o 0o = 0, the leading term is 



-fo°4'i £ coker 60 



Rom iE'l^,El^) 



ParHom {E'l^, E[J + 6o(Hom {E'l^, E[J) 

Assuming that (3) holds already, we have that ParHom (-Eg p, -E'i,p) C 6o(ParHom (-E^i'p, C 
6o(Hom (E'lp, E'l p)), since the maps 60 and 62 are both composition with (j)Q. Hence the image 
of /o under the connecting homomorphism is 

Rom{El E[ ) , 

-foocPie coker bo = — — — ^ij—- = Hom (ker 00,^1,^). 

bo[iiom[E^,p,E^p)) 

Therefore the surjectivity of the connecting homomorphism is equivalent to (4). □ 

Lemma 11.4. Condition (4) of Proposition holds if and only if all the weights of E[p 
are bigger than those of coker tpo, and (pi : ker (po coker (po is an isomorphism. 

Proof. The condition (4) says that 

ParHom ^ ^^(^'/^ y ^'hpj ^ Hom (ker (/>o, -E^ p), f^-fo(pi, 

is surjective. Since Elp/cpo^El^p) and kercpo are vector spaces of the same dimension, this is 
equivalent to the following two conditions: 

• (pi : -Ejp ~^ E'lp Ei,p satisfies that <pi : ker 00 coker (po is an isomorphism. 

• Par'Rom{Elp/(po{E'lp),E[ p) = }iom{Elp/(po{Elp), E[ p). Hence all the weights of 
E'{,p/(po{E2 p) are smaller than those of E[ p. 

□ 
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Let cJc G {(Tjn, Cm) be a critical value with dc ^ "^g — 2. We aim to characterize when AA**. 
and Af^+ are birational by using Proposition 19. 71 Let us deal with either of S ±. Suppose that 
T' and T" are a"c-semistable, cr^-stable triples with ^cj^{T') = ij,a-^{T"). We consider extensions 

(30) ^ T" ^ r ^ T' ^ 

(note that we have changed the role of T' and T" in the computation of the codimension 
of the flip loci in Section [lOl so that now T" is the subtriple), where fj,^±{T") < fj,^±{T), by 
Proposition l9.4[ The first conclusion to infer from Proposition 1 11 . 31 is that, if x(C"(T", T')) = 
then = and r!^ = r'(. So {T") > (T). Therefore cannot be of zero codimension. 
So our study is limited to S^-: the only situation we may encounter when x{C*{T" ,T')) = 
is that A^*_ has more irreducible components than . 



To analyze when x(C*(T",T')) = we have to check when conditions (3) and (4) of Propo- 
sition [TL3] are satisfied. Let p £ D he a parabolic point. We need to understand the parabolic 
vector spaces £'2,p and These have parabolic weights of multiplicity one and all weights 

are different, by Assumption 17.61 We shall keep the following notation for the rest of the 
section: aj denote the weights of Ei^p and Pj denote the weights of £'2,p (we drop p from the 
notation in the weights when this causes no confusion). 

Since T is a triple which is an extension (|3U|) with = and r!^ = r", then (p : E2 ^ Ei{D) 
comes from a map (p" : E2 — > E'l{D) as follows 

E2 = E2 

E'liD) - E,{D) - E[{D). 

Take a neighbourhood U oi p where Ei\jj = E'i\u ® E'l\jj. Then (j) = [(/)q + (piz + ■ ■ ■)z~^ and 
00 '■ ^2,p E'{p is a parabolic map. This gives decompositions of the parabolic vector spaces 



(31) 



Ei,p - E[ p e E'lp, 
E'l^p = im 00 ffi coker 



as direct sums of parabolic vector subspaces (the splitting is non-canonical, but the weights of 
the different subspaces are well-determined). 

Let us see that there is a "canonical" distribution of weights in (|31|) such that conditions 
(3) and (4) hold. Note that ParHom (£'2,p, Ei, p) is a vector space, in particular an irreducible 
affine variety. We may consider the action of ParAut (-E2,p) x ParAut (i?i,p) on this space (this 
corresponds to lower triangular changes of bases). Then there is a unique open dense orbit, 
which is the only orbit of maximal dimension. We shall call an element of such orbit a generic 
parabolic homomorphism of £^2,p to -Ei,p. For instance, if -E2,p is 7-dimensional with weights 
f3j and Ei^p is 9-dimensional with weights Qj, and 



oi < /?! < /?2 < "2 < /^s < /34 < 03 < "4 < 05 < «6 < /?5 < a? < as < /^e < Z?? < ag. 
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then the generic elements are the orbit of the element 



(32) 
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Lemma 11.5. Suppose that (pQ : E2^p is a generic parabolic homomorphism, and 

let Ei^p = E'^^ p © E'(p he any parabolic splitting with im (f)Q C E'l^. Then condition (3) in 
Proposition is satisfied. 

Proof. Suppose that (f)Q is a generic element in ParHom (i?2,p, -E'l.p), and let us see that the 
map ParHom (£^"p, i?^ p) ParHom (£'2,p, -E^^), / i— > —focpQ, is surjective. Take g G 



ParHom (ii^2,p, -E'l „)• Consider the map 



eg ■■ E2,p E''®E'. For e small 



we have that (j)^ also lives in the generic open set, so it is equivalent to (f)Q by the action of 
ParAut (-E'2,p) x ParAut (Ei^p). This means that 



be 

de 







Me 



Both matrices. 
Therefore (poM^ 



a: 



be 
de 



and Me, are the identity for e 
and CeCpoMe = eg. This yields 
g = e'^c^a^Vo, 



0, so Ue is invertible for small e. 



as required. 



□ 



Recall that we have fixed topological data (fixed ranks, degrees and parabolic weights) for 
the triples T we are studying. When we write such a triple T as an extension T" ^ T ^ T' , 
there are different possible topological types for T' and T" . By the above discussion, our best 
chance to obtain x(C*(T', T")) = is to arrange the topological types as follows: 

• Fix the ranks r2 = 0, r2 = r2, r'( = r2, r[ = ri — r2. This is necessary for conditions 
(1) and (2) to hold. So (p : E2 ^ Ei{D) should be induced by cp" : E'^ E'{{D) by 
means of the inclusion E'{{D) — > Ei{D). 

• At each p £ D, consider a generic element (pp £ ParHom (£'2,pi -E'i,p)- This determines 
the weights of im (pp C E'(p. By Lemma 111.51 condition (3) is satisfied. 

• Choose the weights of coker (pp in the unique way such that Lemma 111.41 is satisfied. 
This gives the weights of E'{p = im <j)p © coker (pp at each p £ D, and hence the weights 

• ^2 — d2- Now condition (2) determines the degree of Ef, since the map (p" : E2 — > 
E'({D) is an isomorphism on X\D and it is of a specified form at each p £ D. Namely, 



30 



O. GARCIA-PRADA, M. LOGARES, AND VICENTE MUNOZ 



(33) 



introduce the number 

Vp = min{dim coker tpQ \ i/jq £ ParHom (£'2,pi -E'l.p)} — (''i — '^2)- 
Obviously this minimum is obtained for a generic parabohc morphism. Moreover rp 



dim coker (/iq, where (jip : E2^p ^ Ei^p is generic, and 



E'lp C Ei^p. With this notation, E2 
sheaves, so d'[ = d2 — r2S + 



■ -E'2,p -^i,p' using that 



E'({D) — > (BpeDC{pYp is an exact sequence of 



peD '''p- 



This does not guarantee the existence or uniqueness of the topological types of T' and T" 
to have x{C*{T' ,T")) = 0, but helps us in which direction to look for such distributions of 
topological types. 



Let us see this discussion in the particular example 



For a generic cpp : -E2,p — > Ei^p, the 



weights of im cftQ are 02, 03, 04, as, ay, ag, and the weight of coker 
of E[p are aQ,as. The map (p takes the form: 



is ai. Thus the weights 



1 





1 



z 




1 

1 








V 













\ 















1 |/ 

Ei{D) is injective for z / 0, as required by condition 



around p £ D. Note that such cj) : E2 
(2). 

Remark 11.6. The definitions of generic parabolic map and of rp given in ()33p are also valid 
in the case ri = r2. 

Proposition 11.7. Assume g > 0, ri > r2 and dc > 2g — 2. Let T' , T" be -stable triples 
with Ha AT') = fJ'aAT")- IfxiC*{T",T')) = then the following holds: 



1 rn 



0, r'' = ra 



1) 



d'^ = do 



(ii) For each p £ D, the parabolic map 
in (E3). 

(iii) d'l = d2-r2S + J2peD^P- 

rr 



E2,p — > E'lp has rank r2 — rp, with rp defined 



(iv) For each 1 < k < r2 — rp, define 
(34) ik = min{j | 1 < j < n, < OjJ > ik~i}. 



and let I = {ii, 



rp}. Let Jc {l,...,ri} — / be the set of the lowest rp elements 



of {1, . . . ,ri} — L . Then the weights of E'lp are exactly {a.j | i G / U J} . 

In particular, the ranks, degrees and weights of T' and T" are univocally determined. Thus 
there is at most one possible value of ac for which x(C*(T",T')) = 0. 



Proof. Item (i) follows from Proposition 111.31 (1). 
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Item (iii) follows once we know item (ii) and using Proposition 111.31 (2), since in this case 
we have an exact sequence of sheaves 

p&D 

Next, note that the increasing sequence of numbers ii,i2, ■ ■ ■ G {1, • • • , ri} is well-defined for 
1 < k < r2 — rp. Actually, looking at a generic parabolic map V'o • -E'2,p -^i,p> weights of 
im ipQ are a,^, . . . ,ai^^_^^, with r2 — Vp = dimim ipo (see (|32|) for a specific example). 

Now we shall prove (ii) and (iv) using Proposition 111.31 (3). i.e., that 

ParHom (i?"p, i?^ p) ParHom (i?2,p, -£'i,p) 

(35) / ^ /o0o 

is surjective, denoting as before, cpo = (pp. Let {ei, . . . , er-^} be a basis for Ei^p adapted to its 
parabolic structure (and adapted to the splitting E[p®E'{.p, i.e. each belongs either to E[p 
or E'l^p), and let {vi, . . . , tirj} be a basis for £'2,p adapted to its parabolic structure. 

Now let to £ {!) ■ • • such that is the lowest weight of E[p. Let < a < r2 — rp 
such that ia < to < ia+i (introducing the notation io = 0, Vj-rp+i = ri + 1). Let us see that 
Ui^^j^, . . . , ar2-rp are weights of im (pQ (if a = r2 — Vp then there is nothing to prove). Actually, 
they cannot be weights of coker (f>Q, since by Lemma [11. 41 all the weights of coker (j)Q are smaller 
than atg. So they are weights of im (j)Q or of E'^^ by ([^T]) . Suppose that a^^^-^, . . . ,ai^_-^ are 
weights of im (f)Q but is the first weight of E[p in the list. Then take V = {vi, . . . ,Vb) C E2^p. 
The surjectivity of (j35p gives that 

ParHom {E'lp, {ej) ^ ParHom {E2,p, (e,J) ^ ParHom {V, {ej) = Hom {V, {ej) 

is surjective (the last equality follows from > (3b). Therefore (j)o\v ■ V — > E'{p must be 
injective, and all the weights or (j)o(^) C E'{p should be smaller than ai^. So there are weights 
< . . . < < Uii^ with f3j < Ox J. This implies that ij < Xj, j = 1, . . . ,b, which contradicts 
that Xh <%■ 

Next step is to see that there are yi < • • • < Va < to such that ij < yj, j = 1, . . . ,a and ay^ 
are weights of im cpQ. As before, take V = {vi, . . . ,Va) C -E2,p- The surjectivity of ([35|) gives 
that 

ParHom {E'{p, (et^)) ParHom (£^2,p, {eto)) ^ ParHom {V, (eto)) = Hom {V, {eta)) 

is surjective. So (j)o\v '■ V — > E'(p must be injective, and all the weights or (poiV) C E'^p should 
be smaller than at^ ■ So there are weights Oy^ < . . . < ay^ < at^ with Pj < Oy^ . This implies 
that ij < yj, j = I, . . . , a. 

The elements 

(36) {yi,...,ya,ia+l,---,ir2~rp} 

are weights of im (po. So dimim (po ^ ^2 — fp. As obviously dimim (po < r2 — rp, it must be 
dimim <po = r2 — rp, implying item (ii). Thus the weights of im (po are exactly those in (I36p . 
The elements 



(37) 



{1,. . . ,to - 1} - {yi,-- ■,ya} 
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are the sub-indices of the weights of coker cpo, by Lemma 111.41 So tQ — 1 — a = rp, i.e. 
to = Tp + a + 1. Finally (the sub-indices of) the weights of E'^^ are 

({1, . . . ,to - 1} - {yi, ■ ■ ■,ya}) U {yi, . . .,ya,ia+l, ■ ■ . , Va-rp} = 
= {1,. . . ,t0 - 1} U {ia+1,- ■ -Jvi-rp} = lU J, 

as required. □ 

Our final result in this section completes the proof of Theorem l6.12l We have to use Theorem 
112. 10^ which will be proven in the next section. First, consider the distribution of weights and 
degrees given by Proposition 111.7] and consider the critical value associated to it, which is 
(38) 

a,= (l + '-^) (par/. (E,) - par,. (E,)) + s"-' + ^^^^'^ ^^^'^^^^^ " ^"^^^^ ^""'^ 



r\-r2j r\- r2 r2 

1 

= (TM e , 

r2 

where 

(39) e = pardeg {E'I{D)) - pardeg (^2) > 0, 

and the weights and degree of E'( are given by Proposition 111.71 For instance, in the example 
worked out in ([32]), e = Xli^e.s - I] /^j + 1- 

The value of ai is very close to ctm but strictly smaller, as expected. 

Theorem 11.8. Assume ri > r2 and g > 0. If aL > 2g — 2 then is irreducible and 
non-empty for all 2g — 2 < a < ai- If ul < 2g — 2 then is empty for all a > 2g — 2. 

Proof. First, note that for cr > (Tj\/, No- is empty by Proposition 17.11 Assume for a while that 
is non-empty for some value of o" > 2g — 2, then there must exist the minimum value 
ctl E {2g — 2, um) of a such that Mt+ = and J\ft- 7^ 0. Clearly this ul is a critical value and 

it must correspond to a set of extensions T" ^ T ^ T' with x(C*(r", T')) = 0. 

By Proposition 111.71 there is at most one (topological) possibility for T' and T" to have 
x{C'{T" ,T')) = 0. This implies that aL = o'l. For any other critical value dc, the moduli 
spaces A/'^+ and A/"^- are birational, by Proposition 19.71 So all moduli spaces are birational 
ioT 2g - 2 < a < gl- 

Moreover there may be different distributions of weights, ranks and degrees giving rise 
to the critical value ctl, but only the one given by Proposition 111.71 gives critical subsets 
S^- of codimension zero. So the number of irreducible components is given by the number 
of irreducible components of a subset of the space of extensions T" ^ T ^ T' with the 
distribution of weights, ranks and degrees given by Proposition 111.71 Let us see that this 
space of extensions is non-empty and irreducible: the triples T' have r2 = 0, r[ = ri — r2, 
so they are parametrized by a moduli space of parabolic bundles E[, which is non-empty, 
irreducible and of the expected dimension by |BY2j . The triples T" have = r!^ = r2, and 
d'l + r'/s — ^2 — ^ Tp = 0, so they are parametrized by a moduli space of ci^-stable triples 
which is non-empty, irreducible and of the expected dimension by Theorem 112.101 Now the 
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dimension of the projective fibres of the space of extensions T" — > T ^ T' is 

-xiC'{T',T"))-l>0, 

since xiC*{T' , T")) < 0, by Theorem 111). 3 1 Therefore there is a non-empty space of extensions. 
Moreover, a generic triple T' is (TL-stable. In that case, any non-trivial extension T" ^ T ^ T' 
is cj^-stable (see Proposition 19. 4p . So the space is non-empty, and irreducible. 

Finally, if ai > 2g — 2, the argument above proves that M^- is non-empty, so there is some 
non-empty Afa with a > 2g — 2 and the statement of the theorem follows. Conversely, if some 
Ma with a > 2g — 2 is non-empty, then it must he ctl > 2g — 2 completing the argument. □ 

Now Proposition 17.71 transfers the inequalities cr^ < 2g — 2 < ul into a Milnor-Wood type 
inequality < |r| < tl, where 

(40) TL = min{p, q]{2g - 2 + s) - ^R^e , 

p + q 

where e is given in ([39]) . 

Remark 11.9. One can spell out the process for computing e, by using the procedure of Propo- 
sition [TTTT] and the identification of Proposition 17.41 Let p = rk (y), g = rk iW), a the system 
of weights of V and (3 the system of weights of W . Suppose that q < p (the other case is 
similar, interchanging the roles of V and W). Define, at each x £ D, ai^pi{x) = ai{x) + I, for 
any I > 1. Put io = and define, for 1 < k < q, 

ik = mm{j I j > ik-i,aj > (3k}- 

Then 

p 

xgD k=l 

12. The moduli space of triples for ri = r2 and large a 

In this section, we study the moduli space of triples with equal ranks ri = r2. We prove 
that some of them are irreducible and non-empty for a > 2g — 2. The results here are enough 
for the proof of Theorem 111.81 to work, but we also analyze some other cases. It is likely that 
the result holds in general. 

Proposition 12.1. Suppose that ri = r2 and g > 0. Then all the moduli spaces Ma, for 
a >2g — 2 are birational to each other. 

Proof. This is a consequence of Theorem 110.31 and Proposition l9.71 For x(C*(T', T")) to vanish, 
it must be ai an isomorphism. But this is impossible if ri = r2 by Lemma 110.51 □ 

Now let us see that the moduli spaces Ma stabilizes for a large. 

Proposition 12.2. Suppose that ri = r2. Then there is a value cJi such that any a-stable 
parabolic triple T = (Ei, E2, (j)) with a > ai satisfies that cj) is injective. Hence 

(41) 0^ Ei{D) ^ S ^0, 
where S is a torsion sheaf. 
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Proof. Denote = ker<j) and consider the parabolic subtriple {0,N,(j)). Suppose that k = 
rk (N) > 0. The u-stabihty of T imphes that 

pardeg N + ka < k [ j — a ] . 

\ 2ri 2 J 

Now consider the subtriple {I,E2,(j)) where I{D) is the parabolic image sheaf of (p, with rank 
rk (/) = ri — k. The cr-stability of T gives us 

1 rr T.^ /pardeg (£^1 e ^2) 1 \ 
pardeg (/ © E2) + na < (2ri - k) I ^ ^ + -a j . 

Adding up both equations, and noting that pardeg N + pardeg I{D) = pardeg E2, we get 

2 pardeg E2 - {n - k)s + (ri + k)a < pardeg {Ei © E2) + ria, 
which is rewritten as 

pardeg Ei — pardeg E2 + (ri — k)s 

k ■ 

So for 0"! = pardeg Ei — pardeg E2 + (ri — l)s the result follows. □ 

Lemma 12.3. Suppose that ri = r2 and a > ai. Let T be a a-stable triple and T' a subtriple 
ofT with r[ = r'2. Write E2 Ei{D) S, E'^^ E[{D) S' , t = length 5, t' = length 5'. 
Then 



paTfi{E[) < paTfi{Ei) + ^(^^ - ^ + s, 
paifi {E'2) < paifi {E2) ~\(~7 - ^ + 



Proof. From Proposition 112. 2| as o" > o"i, </) is an injective morphism. So cj)' is injective for any 
subtriple T' of T. Hence for a subtriple T' with r[ = r'2 we have the following commutative 
diagram 

> E'2 > E[{D) > S' > 



> E2 > Ei{D) > S > 0, 

where 5 and 5' are torsion sheaves. Let t and t' denote the lengths of S and S' respectively, 
as in the statement. By stability, 

> par^^(r') - par^^(r) 

= - (par^ {E[) + par^ {E'2) - par/i (£'1) - par^ (E'2)) 

= par^ {E'^) - par/i {Ei) - ^(par^ {E'^) - par^ {E'2)) + ^(par^ {Ei) - par/i {E2)) 

= par^ {E'2) - par/i {E2) + ^(par^ {E'^) - par^ {E'2)) - ^(par^ {Ei) - par/i {E2)). 

Now at each point p G -D, | f^j{p) ~Yl,^i{p)\ — ^ii so t — ris < pardeg Ei{D) — pardeg E2 < 
t + ris, equivalently t — 2ris < pardeg Ei — pardeg £"2 < t or 

2s < par^u {Ei) — pavfi {E2) < — . 

n ri 
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Analogously, for T' we have 

— — 2s < par^u (E'l) — par^ {E'o) < —r- 

Substituting into the formulae above, we get the result in the statement. □ 

Proposition 12.4. Suppose that ri = r2- Then there is a value a2 > ci such that J\f^ = N^, 
for any a, a' > 02, i.e. there are no critical values above 02- 

Proof. Consider a a-stable triple T = {Ei,E2,<p) with a > ai. Suppose that T is properly 
ac-semistable for some Cc, and let T' C T be a cJc-destabilizing subtriple. Clearly < r[, 
since (p being injective implies that (p' is also injective. On the other hand, if r'l = r'2 then T is 
(T-semistable for generic values of a and could not be a-stable for some a. Therefore r'2 < r'^. 
In the formula 



yi+r2 



(42) ac = 2par^ {E'^)^^ + 2par/i {E'2)^^ - (par^ (^i) + par/i (^2))^ 

^1-^2 r^-r2 '^i - ' 2 

we want to bound the values of par^u {E'^) and par^ {E'2) in order to get a bound for the critical 
value cJc which is independent of T. 

Apply Lemmainato the subtriples (</>'(-E;^) (-£>), (^') and {E'^, {<l)')~'^{E'^{D)),(p'), both 
of which satisfy the equal rank condition. The first one has no torsion, the second has torsion 
with 0<t' <t. We get 

par/i {E'2) < par^ (£'2) + ^ + s, 

2ri 

paut{E',) < par/i {Ei) + 1 (^1 - 1^ + g < par^ (E^) + J"^^ + s. 

Using that ^ < par/_f [Ei] — par/_i {E2) + 2s, by the exact sequence ()1T]) and 1 < r'^ < ri — 1, we 
get bounds on pavfi{E'^) and par/i (£'2). Substituting these bounds into (H^]) and using that 
r'^ — r'2 > 1 and r^, < ri = r2, we get a bound on Uc, as required. □ 

With this result, we may introduce the notation for the moduli space of a-stable triples 
for any value a > a2- We shall refer to this as the moduli space for large values of a. There is an 
obvious condition for to be non-empty. Let <j) : E2 ^ Ei{D) be a parabolic morphism which 
is moreover injective. For any p £ D, it induces a parabolic map (j)p £ ParHom (£'2,pi -E'l.p)- 
This satisfies 

dimim (pp < ri — rp, 

with rp defined in (cf. Remark lll.6|) . Therefore for any parabolic map (j) G ParHom [E2, Ei{D)), 
we have that 

(43) di+ris-d2>^rp. 

pen 

Let us now see that this is a sufficient condition for non-emptiness and irreducibility of A/'£. 
First we need some preliminary results. 

Lemma 12.5. // both E2 and Ei are parabolic stable bundles, and (j) : E2 ^ Ei{D) is an 
injective parabolic map, then T = {Ei, E2, (p) is a a-stable triple for large values of a . 
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Proof. Any subtriple T' C T should have < r[. The stabihty of the bundles implies that 
paTfi{E[) < par/i(£'i) and par/i (£"2) < par/u(£'2), from where it follows that par/x^(T') < 
par/ig.(T), for any a, in particular for large values of a. □ 

Lemma 12.6. Let L be a fixed parabolic line bundle. Consider the moduli space Maifi, r2, di, d2', c 
of a -stable parabolic triples T = {Ei,E2,(j)) of degrees {di,d2) and weight types {a, (3). Let 
{d\ , ^2) and (a, (3) the degrees and weight types of the triples of the form [Ei (gi^ L, E2 & L, (f)) . 
Then {Ei, E2, (j)) ^ {Ei ®^ L,E2 ®^ L,(j)) gives an isomorphism J\fa{ri,r2,di,d2;a, f3) = 
Afa{ri,r2,di,d2;a,f3). □ 

Let us see that tensoring with a suitable parabolic line bundle allows us to reduce to the 
case Tp = for all p G D. For this we need an alternative characterization of r^. Fix p £ D, 
and denote by ai < • • • < the weights of Ei^p and by /3i < • • • < f3ri the weights of 
E2^p, since r2 = ti. Extend the weights to an infinite sequence of real numbers by declaring 
ctk+nm = Oik + m, 1 < A; < ri, ?Ti G Z. This means that we have a sequence 

• • • < — 1 < ai < • • • < a^i < ai + l<a2 + !<••• 

In this strictly increasing sequence Z — > M, 1 is sent to ai characterized as the smallest non- 
negative number in the sequence. Similarly consider the infinite sequence (3k from the weights 
of E2^p. Define the functions: 

/:[0,oo) ^ M, 

X ^ #{ak I < afc < x}, 

^ ' 5: [0,00) ^ R, 

X ^ #{(3k I < < x}. 

Note that f{x + 1) = /(x) + ri and g{x + 1) = g{x) + ri. Now we have 
Lemma 12.7. rp = max(/ — g) = max[o,i)(/ — g). 

Proof. The way / and g are defined, f — g is a right-continuous step function, with jumps by 
+1 at the points and —1 at the points Pk- As / — g is 1-periodic, the existence of maximum 
and the equality max(/ — g) = max[o^i)(/ — g) are clear. Let M = max(/ — g) and xq G [0, 1) 
be a point which is not a weight and satisfies (/ — g){x()) = M. Then, writing k = /(xq), we 
have Ok < xq < a^+i and k — M = g{xQ), i.e. Pk-M < xq < Pk^M+i- The maximality of 
f — g at xq implies that we have Pk-M < ct^ < xq < P^-M+i < "fc+i- So any parabolic map 
00 '■ ^2,p Ei^p satisfies that 4'o{E2^p^k~M+i) C Ei^p^k+i and hence 

dimker (/)o > dim £^2,^,^-^/+! - dimEi^p^k+i = {ri - k + M) - (ri - k) = M. 

Conversely, let cpQ : £2,p — > Ei^p be a map such that (t)o{E2,p,k-M+i) C Ei-p^k+i for each k. 
Then c/iq is a parabolic map: for if Pi > aj, take Pi > x > aj . So g{x) < i — I and /(x) > j. 
So j — i + 1 < f{x) — g{x) < M and hence i > j — M + 1. Thus </>o(-S2,p,i) C (po{E2^pj-M+i) C 
Ei^pj+i. On the other hand, it is clear that there are maps satisfying (^o(-E'2,p,A:-M+i) C Ei^p^k+i 
for each k with dimker(/>o = M. Hence there are parabolic maps <f)o with dimker^o = M, 
completing the proof that M = rp. □ 

Proposition 12.8. There exists a suitable parabolic line bundle L such that the moduli space 
of a-stable triples of the form {Ei 0^ L, E2 0^ L, (p) has associated fp = 0, for all p £ D. 
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Proof. We shall assume that there is only one point p € D and we shall tensor with a parabolic 
line bundle of the form L = O^^^, i.e. the trivial line bundle with weight x G [0,1) at p. 
Take xq £ (0, 1) which does not coincide with any weight and gives the maximum value of the 
function f — g. Let L = O^i^xo]- Denoting by ko = /{xq), the weights of E2 0^ L are 

< a/eo+l — Xq < ■ ■ ■ < — Xq < «! — a^Q + 1 < • • • < Ofeo — Xq + 1 < 1 

(see |GGMj ). Said otherwise, if ak is the infinite sequence associated to the weights of E2 = 
E2 ®^ L, then 0.^ = ctfe+fco — xq. The function / associated to E2 as in (|44|) is 

Rx) = #{ak \ < dk < x} 

= \ < Ok- Xq <x} 

= #{ak \ Xq < Uk < X + Xq} 

= f{x + xo)-f{xo), 

the last equality because xq is not a weight of -E2,p- Analogously for Ei = Ei fS>^L, the function 
g associated to it is 

g{x) = g{x + xo) -g{xo). 
Then the number associated to the moduli spaces of triples {Ei , £'2 , </>) is 

fp = max(/(x) — g{x)) = max(/(x + xq) — g{x + xq)) — M = 0. 

□ 

Proposition 12.9. Assume that ri = r2 and Vp = for all p € D. Then the moduli space of 
a-stable triples for a large and d2 + r2S = di is irreducible. 

Proof. Any triple T = (Ei, E2, (j)) in Nf^ satisfies that (j) : E2 ^ Ei{D) is generically an isomor- 
phism by Proposition 112.21 So the condition on the degrees implies that it is an isomorphism 
of bundles. Moreover, by Lemma ll2.3l the family Ti. of bundles Ei appearing as part of triples 
of Ml is a bounded family which is irreducible and the generic element is a stable bundle (see 
[BGG2]). 

Let us study the fibres of TC. Fix Ei £ 7i and consider the fibre over Ei. Identifying 

E2 with Ei{D) (as bundles) via the isomorphism (p, an element {Ei, E2, (j)) = (Ei, Ei{D),ld) 
in the fibre consists on giving for each p £ D a flag for V = Ei^p and a flag for V = E2^p 
such that the identity map Id : V ^ V is a parabolic map with respect to these flags. For 
simplicity, assume there is only one point p £ D. Let 

jr^ = {0 c Vi C y2 C • • • C = Ei.p I dimVi = i} 

be the space parametrizing (complete) flags at -E'i,p, with fixed weights ai < • • • < a^j. This 
is an irreducible variety. Analogously define the space 

J^2 = {0cWiCW2C ■■■ CWr,= E2,p I dimWi = i} 

of (complete) flags for -E2,p, with fixed weights /?!<•••< Pn ■ The condition = means that 
g{x) < f{x), for all X, with the notation (jM]). The identity map is parabolic if Wi C Vi+k{i)^ 
1 < i < n, for some set of integers k{i) > such that < 1 + k{l) < 2 + k{2) < ■ ■ ■ < 
ri + k{ri) = ri. The set of compatible flags if given by 

(45) = {(Fi, F2) I Wi C Vi+ki^), 1 < i < ri} C .7^1 X J2 . 
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This is also an irreducible variety, as J- ^ J-i'is a fibration with irreducible base and irreducible 
fibres. Note that the other projection — > is also surjective. 

A generic stable bundle Ei satisfies that a generic flag Fi G J^i gives a parabolic stable 
bundle. Let Ui C J^i he a (dense) open subset with this property. Analogously consider a 
dense open subset U2 C J-2 such that E2 = Ei{D) with a flag F2 £ T2 is parabolically stable. 
If J^n (C/i X C/2) = then T C - Ux) x T2) U(-^i x (-^2 - ^2))- Being irreducible, T should 
be contained in either of {{T\ — Ui)x T2) or {T\ x {T2 — ^^2))- This contradicts the surjectivity 
of both T ^ T\ and T ^ T2- This proves that TTx {Ui x U2) 7^ 0, so the generic element of JT 
gives parabolic stable bundles Ei and E2- By Lemma [1231 such element is cr-stable for a large. 
Therefore the generic stable bundle Ei satisfies that the fibre of M[ — > H is an open subset of 
the space of compatible flags J-'. This shows that J\f[ is irreducible and non-empty. □ 

Theorem 12.10. Suppose that ri = r2 and that di + ris — d2 = '}2p^D'''p- Then the moduli 
space J\f[ is irreducible, of the expected dimension and non-empty. 

Proof. By Proposition 112.81 there exists a parabolic line bundle L such that {Ei ,E2,(f)) 
{El = El (S>^ L, E2 = E2 <S>^ L, (j)) gives an isomorphism of moduli spaces of cj-stable triples 
A^CT (^'i , , di,d2; a, (5) = Ma{ri,ri,di, ^2; a, /3) such that fp = for each p £ D. Then 

di + ris - d2 = di+ ris - ^2 - ^ r^. 

pen 

This is easily seen by computing the degrees di and d2. For instance, suppose that there is 
only one point p £ D. Then, with the notations of the proof of Proposition 112.81 

di = deg El = pardeg {Ei 0^ L) — 

= pardeg (£'1) + ri pardeg (L) - (^^(afc - xq) + A;o^ 

= di + Ofc + ri (1 - xq) - ttfc + riXQ - kp 

= di+ri- ko = di+ri- /(xq) . 

Analogously, d2 = d2 + ri — g{xo), so that di — d2 = di — d2 — rp. 

Now the moduli space A/'£(ri, ri, di, ^2; a, /?) is non-empty and irreducible by Proposition 
112. 9[ So the same is true of our initial moduli space by using Lemma 112.61 The dimension 
statement follows from Corollarv 19.61 □ 

Theorem 12.11. Suppose that ri = r2 and di + ris — d2 > X^pgD ''p- Then the moduli space 
Ml is non-empty, of the expected dimension and irreducible. 

Proof. The dimension statement follows from Corollarv l9.61 Arguing as in the proof of Theorem 
112.101 we may suppose that = 0, for p £ D. Now, there exist triples (p : E2 ^ Ei{D), with cj) 
injective, Ei and E2 stable bundles, and satisfying that the torsion sheaf quotient of the map (j) 
is generic (in particular, supported on X\D). This follows from |BGG2j . where non parabolic 
cr-stable triples for a large are found by constructing cr-stable triples with these properties. 

Now the argument of the proof of Proposition 112.91 works here to find parabolic structures 
on El and E2 such that (Ei, E2, (f>) is a cr-stable parabolic triple for cr large, since the only 
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necessary fact is that (pp : £"2,^ — > Ei^p is an isomorphism for all p £ D. This gives the 
non-emptiness of M[. 

For proving the irreducibility of AA^, the main obstacle are the triples with quotient supported 
at points of D. We work as follows. Let Ti. be the family of bundles Ei appearing in triples 
T = {Ei,E2, (j)) G M[. This is a bounded and irreducible family whose generic element Ei £ 7i 
is a generic stable bundle. Let Q = Quot*('H) be the Quot scheme parametrizing quotients 
Ei{D) S, with El gTC and t = lengths = di + ris — d2 — J2peD ^p- "^^^ kernel of a generic 
element in Q is a stable bundle £"2- If the support of S is contained in X\D, then the fiber of 
the map J\fl Q over a quotient Ei (D) — > 5" in Q is a subset of the set of compatible flags 
defined in (j45p . For a generic element in Q, this is actually an open subset of J-', as proved in 
the proof of Proposition 112.91 This produces an open subset U C A/^, which is of dimension 

dim Q + dimj^ . 

Let us see the irreducibility of by checking that dim(A/'£ \U) < dimfj. Certainly, the 
only effect that we must take care of is the jumping in the dimension of the fiber of M[ — > Q 
when the torsion sheaf is supported at some points of D. Let p £ D, and suppose that p is 
in the support of S, say Sp = CK The set of quotients Ei^p — > Sp is parametrized by the 
grassmannian Gr(/,ri). The codimension of the space Q' C Q parametrizing such quotients is 

n lengths - (ri (lengths' - /) + /(ri - /)) = nl - Iri +f = f. 

Now let us compute the dimension of the fiber of Mf^ — > Q over a point in Q} . With the 
definition of k{i) given in Proposition 112.91 such fiber is the space 

^* = {{Wu V.i) G .^1 X .^2 I (t>m) C Vi+k{i)] ■ 
Equivalently, {Wi, Vi) £ J^^ <^ Wi C. It remains to see that 

dim JT^ — dim T . 

The fibration T ^ T\ is surjective and the dimension of the fiber is 

ri 
i=l 

Let us compute the dimension of a fiber of J-\. Such dimension depends on the flag 

{14} & Ti-, so we need to stratify !Fi as follows. The flag {Vi} is determined by a collection of 
numbers < ai < . . . < a^.^ = ri — I such that 

C n Im ((/>) C • • • C n Im ((/)) = Im {(j)) 

c c • • • c C"--! = Ci"' 

Clearly, aj+i = Oj + (5j+i (ao = 0) where there are uniquely defined 1 < ii < . . . < < fi 
such that (5j^ = 1 and 6j = for j 7^ i^, k = 1, . . . ,ri — L The codimension of the stratum 
5*01,..., a,. J C defined by such {Vi] is 

ri — l 

^{l-ik + k). 
k=i 
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The fiber of J> T\ over {V^} S 5'ai,...,arj is given by fiags \Wi\ G T2 sucfi tliat Wi C 
Vi+fc(j), with Vi = (p^'^iVi) = C'^'^'. The dimension of such fiber is thus 

ri T\ 

^(/ + ai+fe(i) -i) < ^(Z + Oi -i) + ^A;(i) 
1=1 i=l 

n ri— Z 

i=l k=l 

So the dimension of the preimage of Sa-^,...,ar^ by the map — > J'^i is less than or equal to 

ri— i ri ''1—' 

dim J^i - J]] (/ - ifc + A;) + - i) + (n - ife + 1) + A;(i) 

fc=l j=l k=l 

= dim JFx + k{i) H ^ — = dim^ H ^ — . 

Since this is true for any stratum, we have 

f. - / 

dimjF,, < dimJFH ^ — < dimJT+P, 

as required. □ 

Combining Theorem 1 1 2 . 1 1 1 wit h Proposition I12.l1 we have the following. 

Corollary 12.12. Let g > 0, ri = r2 and di + ris — ^2 > ^pi:D''"p- Then the moduli spaces 
Ma are non-empty, irreducible and of the expected dimension for any a > 2g — 2. 

Remark 12.13. Cor ollar v 1 1 2 . 1 2 1 and the correspondence in Proposition !?. 41 gives that the moduli 
space U{p,p, a, 6; a, /3) is non-empty and connected if and only if the following is satisfied: 

(i) In the case r < 0. It must be |r| < tm by Proposition 17.71 Also, defining rx = 
minjdimcoker (j) \ (p ^ ParHom (V^, VFxOli foi' x £ D,we must have b+{2g—2+s)p—a > 
^xeD by Corollary 112.121 But this last condition is redundant: r < is equivalent 
to pavfi{V) < paicfj:{W), hence 

a = deg(F) < pardeg {V) < pardeg (W) < deg(W) + ps = b + ps + {2g — 2)s, 

since g > 0. Also, we may tensor with a suitable parabolic line bundle L to arrange 
r^ = 0, for all x £ D, hy Proposition 112.81 (this does not change r or the inequality 
that we need to check). So 6 + {2g — 2 + s)p — a > 0, as required. 

(ii) The case r > is worked out similarly, and the only condition we obtain is |r| < tm- 

Note that the genericity of the weights (Assumption 12. ip prevents the case |r| = tm to happen. 

13. Representations of fundamental groups in \J{p,q) 

Let X be a compact Riemann surface of genus g > and let 5 = {xi, . . . ,Xs} be a set 
of distinct points of X. Let T = tti{X \ S) be the fundamental group of X \ S*. The group 
r is generated by the usual generators ai,bi, 1 < i < g, oi tti{X), together with additional 
generators 71 , . . . , 7^ corresponding to loops enclosing each Xi simply, not enclosing any Xj , 
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j 7^ i, and which are homotopic to zero relatively to the base point on X. There is also the 
relation [ai, fei] • • • [ug, bg]^i • • • 7^ = 1, where [oj, bi] is the commutator of a, and hi. 

Parabolic Higgs bundles are related to representations of T. To be precise, let us fix integers 
n = rk E, d = degE and the weight type a = {a{x)}x£S^ where a{x) = {ai{x), . . . ,ar(x){x)) 
are weights with multiplicities ki{x) for every x £ S. It is convenient to repeat each weight 
according to its multiplicity, by setting ai{x) = ... = ak^(^x)i^) = etc., thus having 

weights < ai(x) < . . . < an{x) < 1 (see Section [T]). 

For every Xi G S there is a Cj G U(n) defined by 

(exp(27r-v/— lai(a;j)) \ 

••. 
eX.p{2TTy/^dn{xi))/ 

Consider the set of representations Hom^(r, GL(n, C)) defined by semisimple homomorphisms 
p : r — > GL(n, C) such that pi'ji) is conjugated to Cj by an element in GL(n, C) for 1 < z < s. 
Here by semisimple we mean that p is a direct sum of irreducible representations. The moduli 
space of representations of T in GL(n, C) with fixed holonomy in the conjugacy class of Cj, is 
defined by the quotient 

Hom + (r,GL(n,C)) 

■= GL^) ' 

where GL(n, C) acts by conjugation. The set TZ{n; a) has a natural structure of a complex 
algebraic variety. The following is proved by Simpson in |S2j . 



Theorem 13.1. Let {n,d;a) be such that 

d + ^(qi(x) + . . . + an{x)) = 0, 

i.e., the parabolic degree vanishes. Then there is a homeomorphism 

7^(n;a) = M{n,d;a). 



This generalizes the theorem of Metha-Seshadri |MSj which identifies the moduli space of 
parabolic bundles of type (n, d, a) with vanishing parabolic degree with the moduli space of 
representations of T in U(n) with fixed holonomy conjugated to Ci around the marked points. 

There is a similar correspondence between representations of T in U(p, q) and parabolic 
U(p, g)-Higgs bundles. To explain this, let us come back to the notation in Section [2] and fix 
the types of the parabolic bundles V and W to be {p, a, a) and {q, b, a'), respectively. For every 
Xi £ S there are matrices Ci G U(p) and C^' G U(g) defined as in (|16]) by the weight systems a 
and q', respectively. 

Consider now the set of representations Hom^^, (F, U(p, q')) defined by semisimple homo- 
morphisms p : r ^ U(p, q) such that piji) is conjugated to Ci x C'^ £ U(p) x \J{q) (recall 
that U(p) X U(g) is the maximal compact subgroup of U(p, g)) by an element in U(p, g) for 
1 < i < s. Define the moduli space of representations of F in V{p, q) with fixed holonomy 
U(p, q)-conjugated to Ci x C'^ by the quotient 

Hom + ^,(F,U(p,g)) 
nP,T,a,a):= . 



42 



O. GARCIA-PRADA, M. LOGARES, AND VICENTE MUNOZ 



The set TZ{p, q; a, a') is a real analytic variety. We can adapt the arguments of Simpson |S2j 
to prove the following. 

Theorem 13.2. Let {p,a,a) and {q,b,a') be such that 

pardeg (V) + pardeg (W) = a + b + ^(ai(2;) + . . . + dp{x) + d'i{x) + . . . + d'g{x)) = 0. 

xeS 

Then there is a homeomorphism 

n{p,q;a,a') = \_\U{p,q,a,b;a,a). 

a,b 

Note that (p, q, a, b; a, a') must also satisfy the Milnor-Wood inequality, which in these cases 
reduces to 

I pardeg {V)\ < min{p, q}{g — 1 + s/2), 
since pardeg (W) = — pardeg (V). 

Combining Theorem 113.21 and Theorem 16.121 we have the following. 

Theorem 13.3. Under the genericity conditions given by Assumption \2. 11 and for g > 0, the 
number of non-empty connected components of Tl{p,q;a,a') equals the number of integers a 
such that 

\a + '^{diix) + ... + dp{x))\ < tl/2, 

where tl is given by ( f^Qj ). 

Remark 13.4. The condition on the genus g comes from Theorem 113.21 

Like in the proof of Theorem 113.11 ( |S2j ) , the main ingredients in the proof of Theorem 113.21 
are, on the one hand, the correspondence given by Theorem 15.11 b etween polystable parabolic 
U(p, (?)-Higgs bundles and solutions to Hitchin equations, and, on the other, the existence of a 
harmonic adapted metric on a U(p, g')-bundle with a semisimple meromorphic flat connection 
with simple poles. To see this, let us come back to the framework of Section and consider 
smooth parabolic vector bundles V and W of types (p, o;a) and (g, 6;a'), respectively. On 
the bundle V ®W we consider flat U(p, g)-connections D on X \ S, meromorphic at Xi G 
S and whose residue at Xi is conjugated to Cj x C[. We say that D is semisimple if the 
corresponding representation is semisimple. These connections are in correspondence with 
elements in Hom j^^, (F, U(p, q)). 

Let h = (hy, h]y), where hy and hw are adapted hermitian metrics on V and W, respec- 
tively. We decompose D as D = dA + , where is a U(p) x U(g) connection and ^' takes 
values in m, where u{p, q) = u{p) ® u(g) + m is the Cartan decomposition of the Lie algebra 
of \J{p,q). We say that h is harmonic if = 0. Then the following can be proved easily 
adapting the results in [Cl [S2] . 

Theorem 13.5. A connection D as above is semisimple if and only if there exists a harmonic 
hermitian metric h = {hv,hw)- 
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The relation with parabohc U(p, g)-Higgs bundle is given as follows. If D is semisimple flat 
connection as above and h is a harmonic solution, then the pair {cIa, where $ is determined 
by the equation ^ = $ + solves the U(p, g)-Hitchin equations and hence, by Theorem l5.lt 
corresponds to a polystable parabolic U(p, g)-Higgs bundle. Conversely, if we have a polystable 
parabolic U(p, g)-Higgs bundle we can find a solution to the Hitchin equations, and 

then out of it a solution to the harmonic equation on the flat connection D = + ^ + ^* , 
which is then semisimple by Theorem 113.51 

14. Elliptic surfaces, orbifolds and parabolic Higgs bundles 

Parabolic bundles have been related by several authors to unitary representations of the 
fundamental group of elliptic surfaces of general type ( |Bal ISSj). The key fact is that the 
fundamental group of such a surface is isomorphic to the orbifold fundamental group of an 
orbifold Riemann surface, whose unitary representations are, in turn, related to parabolic 
bundles by the Metha-Seshadri theorem [MHl IHl [Bo[[N5t2] . 

Let X be a compact Riemann surface of genus g > and let S = {xi, . . . ,Xs} be a set 
of distinct points of X. Suppose that for each i we are given integers rrii > 1, such that 
2g + X^i<j<^(l — ^/nii) > 2. We call the data of X, S, and mj, I < i < g, a 2-orbifold. As in 
Section [I3l let T = tti{X \ S) be the fundamental group oi X \ S. As we have seen in Section 
[T3| r has 2g + s generators Oj, 6j, I < i < g, and 7j, 1 < j < s, satisfying the relation 

n t"*'^*] ■ n = ^• 

1<«<9 l<j<s 

We define the orbifold fundamental group 7rf^{X) as the quotient of T by the smallest normal 
subgroup containing 7™'. Thus nf^^^X) is freely generated by the elements ai,bi, 1 < i < g, 
and 7j, 1 < j < s, subject to the relations 

■ n " ^^^"^ ^7' ^ 1 ^ ^ •5- 

i<«<9 i<i<s 

The 2-orbifold Riemann surface ought to be thought of as a Riemann surface with singularities 
at the points Xi, which locally are of the form A/Z^. , where A is the unit disc in C. The group 
^orb ^ j^-j jg cigar ly the fundamental group of this orbifold surface (see jBol INStj and references 
there for basic facts on orbifold surfaces). 

The following is proved in [Dol^ lUe] (see also \Fri\ ISSj ) . 

Theorem 14.1. Given an orbifold fundemental group 7r°''^(X) and an integer x > 0, there is 
an elliptic surface Y, unique up to diffeomorphism, with 

My) = <\X), and x{Oy) = X. 
Conversely, given an elliptic surface Y with biiY) even, x(C'y) > and kod(y) = 1 we have 

vri(y) = vrr(X), 
for some 2-orbifold Riemann surface X. 

To understand this result and the relation of Y to the 2-orbifold X, recall that an elliptic 
surface is a smooth compact complex surface Y with a fibration f -.Y ^ X onto a Riemann 



44 



O. GARCIA-PRADA, M. LOGARES, AND VICENTE MUNOZ 



surface X such that the generic fibre is an elHptic curve (the complex structure of the fibre 
may vary from point to point). In some special points the fibre may degenerate into nodal 
fibers. This is always the case for the elliptic surfaces we are dealing with. Technically this 
is the condition x > 0. The effect of these singularities is that they kill the extra generators 
of the fundamental group determined by the fibre. In addition to these nodal fibres there are 
multiple fibres, located over the marked points of X. They are defined analogously to orbifold 
singularities: a neighbourhood Ym of such a multiple fibre in X is the quotient by a finite cyclic 
group, 

/ : y„ ^ (A X ^,(,))/Z„ A/Zm = A 

defined by [(i,c)] ^ = z, where A is the unit disc in C, Er is the torus C/Z © Zr, and 
the generator of Z.^ acts as (t, c) i— > (t • el^Y>{2■n^J —1/m), c + 1/m). The crutial difference of a 
multiple fibre of Y and the orbifold point is, however, that this action is free and hence the 
quotient is smooth. Roughly speaking, the orbifold singularity is now hidden in the map / 
between two smooth manifolds Y and X. 

To relate representations p : Trf^^{X) GL(n,C) to parabolic Higgs bundles, we observe 
that p(7i) must be conjugated to a matrix of the form 



(47) Ci 



/exp(2^V^^) \ 

V exp(2vr^^)y 



for integers lj{xi) such that 

(48) < h{x,) < . . . < ln{xi) < rrii. 

This follows from the fact that p(7i)™' = /. Such a representation of it°'^^{X) lifts to a 
representation p : T ^ GL(n,C). Conversely, if /5 : T — > GL(n,C) is such that p(7i) is 
conjugated to a matrix Ci as above then p descends to a representation p : 7ri(X°''^) — > 
GL(n,C). We thus have proved the following. 

Proposition 14.2. There is a one-to-one correspondence between representations p : -ki{X°^^) — 
GL(n, C) and representations p : F — > GL(n, C) such that p{'yi) is conjugated to a matrix of 
the form for integers lj{xi) satisfying ^J^. 

Similarly, we have the following. 

Proposition 14.3. There is a one-to-one correspondence between representations p : 7rf^{X) — > 
U(p, g) and representations p : F — > \J{p,q) such that pi^ji) is \J{p,q) -conjugated to an element 
of the form Ci x C'^ C V{p) x U(g) with Ci and C[ like in [4^ , defined for integers lj{xi) and 
l'f,{xi) satisfying 

(49) < li{xi) < ... < lp{xi) < rui and < l'i{xi) < ... < l'q{xi) < rm. 
Let 



(50) 



A = {A(Xi) = {ll{xi), . . . , ln{Xi))}x^^s, 
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where lj{xi) are integers satisfying (|18]) . Let 7^^^(n; A) and T^y (n; A) be the moduh spaces of 
semisimple representations of iTf^^{X) and T^iiY) in GL(n,C) such that pi'ji) is conjugated to 
the matrix ()47p . Similarly, let 

(51) X = {\{xi) = {li{xi),. . . ,lp{xi))}x,es and \' = {\' (xi) = {l[{xi), . . . ,l'g{xi))}x^<^s 

satisfying ([M]). Let TZ^^{p, q; X, X') and TZyip, q; X, X') be the moduli spaces of semisimple 
representations of Trf^^{X) and '7ri(y) in V{p,q) such that p(7i) is conjugated to a matrix 
Ci X C'i like in Proposition IMl Of course, since Trf^{X) ^ tti{Y), 7^f A) ^ 7^y(n; A) and 
7^f'^(p,g;A,A')=7^y(p,g;A,A'). 

Combining Propositions 114.2] and [TT3] and Theorems 113.11 and 113.21 we have the following. 

Theorem 14.4. Let X given by i5(J\) satisfying '^^'^ a{xi) = X{xi)/mi. Let {n,d) be 
such that 

d + ^(ai(x) + ... + a„(x)) = 0. 
xes 

Then 

n°^^{n;X) ^nvin-A) ^n{n,d]a) ^ M{n,d;a). 

Similarly, let X and X' given by [51\) satisfying [4^ ) <^'<^d, let a(xi) = X{xi)/mi and a'(xj) = 
X' {xi) /nrii. Let {p,q,a,b) be such that 

a + b + ^(ai(x) + . . . + ap{x) + a[{x) + . . . + a'^ix)) = 0. 
xes 

Then 

7^5^^^(p, (/; A, A') = 7^y (p, g; A, A') = a, a') = Ll^b, g, a, 6; a, a'). 

a,b 

As established by Simpson and Corlette, higher dimensional non-abelian Hodge theory 
( |SH \C\ ) gives a correspondence between semisimple flat bundles or representations of the 
fundamental group of a compact Kahler manifold (Y,uj), and polystable Higgs bundles on 
{Y,uj) with vanishing first and second Chern classes (see |Slj for the definition of stability). 
Now, a GL(n, C)-Higgs bundle on Y is defined as a pair (E, ^>) consisting of a holomorphic 
vector bundle E over Y and a homomorphism ^ : E ^ E^Qy such that ['^, $] = 0, where Qy 
is the bundle of holomorphic one- forms on y . li E = V (BW , where V and W are holomorphic 
bundles of ranks p and q respectively, and 




then {E, $) is said to be a U{p, g')-Higgs bundle. Of course, when y is a Riemann surface 
we recover the original definition of Higgs bundle since Qy is the canonical bundle and the 
condition [<!>,$] = is trivially satisifed. 

If y is a complex elliptic surface as above, equipped with a Kahler metric to, non-abelian 
Hodge theory on (Y, tu) combined with Theorem 114.41 gives the following. 

Theorem 14.5. There is a one-to-one correspondence between the moduli space of polystable 
Gh{n,C)-Higgs bundles on {Y,uj) with vanishing Chern classes and the moduli space of para- 
bolic GL(n,C)-Higgs bundles on X with parabolic structure on the orbifold points. 
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Similarly, there is a one-to-one correspondence between the moduli space of polystable U(p, q)- 
Higgs bundles on (1^,0;) with vanishing Chern classes and the moduli space of parabolic U(p, g)- 
Higgs bundles on X with parabolic structure on the orbifold points. 

Remark 14.6. It would be very interesting to work out this correspondence directly in a similar 
fashion to what is done by Bauer |Baj for the case of moduli spaces of vector bundles. We plan 
to come back to this problem in a future paper. 
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